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1  Introduction 


This  report  summarizes  the  results  of  a  study  of  the  binary  weight  distributions  of  low  rate 
Reed-Solomon  codes.  Although  Reed-Solomon  codes  are  among  the  most  popular  error- 
correcting  codes  in  practical  applications  and  they  are  very  well  understood,  very  little  is 
known  about  the  weight  distributions  of  binary  codes  derived  from  them.  Because  the  binary 
weight  distribution  is  a  good  indication  of  the  binary  error- correcting  capabilities  of  a  code, 
computation  of  binary  weight  distributions  makes  it  possible  to  select  the  best  codes  for 
binary  channels  and  to  estimate  their  true  error-correcting  capabilities. 

This  study  was  undertaken  in  order  to  find  good  binary  codes  and  to  improve  the  theoret¬ 
ical  understanding  of  the  relationship  between  the  expansion  being  used  and  the  properties 
of  the  resulting  code.  The  study  was  restricted  to  binary  expansions  because  of  their  prac¬ 
tical  importance,  and  it  was  restricted  to  codes  whose  rates  are  low  enough  to  allow  all  the 
codewords  to  be  examined.  Since  the  computations  were  performed  on  a  KSRl  supercom¬ 
puter,  it  was  possible  to  examine  binary  codes  with  dimensions  as  large  as  42,  although 
most  of  the  codes  in  this  study  have  dimensions  between  32  and  36.  All  Reed-Solomon  codes 
with  parameters  (31,7),  (63,6),  (127,5),  and  (255,4)  were  expanded  using  all  normal  bases. 
Then,  the  most  promising  codes  with  parameters  (31,8),  (63,7),  (127,6),  and  (255,5)  were 
examined.  3064  codes  containing  almost  50  trillion  codewords  were  generated. 

The  results  of  the  study  include  complete  binary  weight  distributions  for  the  3064  codes. 
To  save  space,  these  are  included  in  this  report  in  the  form  of  small  graphs.  However,  the 
numerical  distributions  are  included  for  the  most  interesting  cases,  and  tables  of  minimum 
distances  of  all  the  codes  are  also  included  here.  The  minimum  distances  of  the  best  codes 
found  in  this  study  are  typically  two  to  three  times  as  large  as  the  BCH  bound  (or  Reed- 
Solomon  drain)  would  guarantee,  and  many  are  significantly  larger  than  the  STK  bound. 

Some  familiarity  with  error-correcting  codes  and  Galois  fields  is  assumed.  However, 
Section  2  reviews  the  basic  concepts  and  defines  the  terms  to  be  used  in  this  report.  In 
Section  3,  the  uses  of  weight  distributions  and  the  algorithms  used  to  calculate  them  are 
discussed.  Section  4  summarizes  the  results  of  the  study,  and  the  tables  and  graphs  of  the 
results  appear  in  appendices. 
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Definitions 


2.1  Galois  Fields 


The  alphabet  used  in  a  conventional  Reed-Solomon  code  is  normally  a  Galois  field  whose 
size  is  approximately  equal  to  the  length  of  the  code.  This  section  reviews  some  of  the 
properties  of  Galois  fields.  (See  [1,  2,  3]  for  more  details.)  Since  the  results  reported  here 
depend  on  particular  field  elements,  the  representation  of  the  elements  is  significant,  and 
complete  tables  of  the  fields  are  included  in  Appendix  A.  Table  1  lists  the  fields  used  and 
the  primitive  polynomials  in  each  case. 


Table  1.  Galois  Fields 


Code 

Length 

Field 

Primitive 

Polynomial 

31 

GF(32) 

-f  +  1 

63 

GF(64) 

+  X  +  1 

127 

GF(128) 

x"^  +  X  +  1 

255 

GF(256) 

a:®  +  +  1 

Using  one  of  the  above  polynomials,  it  is  easy  to  express  all  elements  of  the  field  either  as 
powers  of  a  primitive  element  or  as  polynomials  of  degree  smaller  than  that  of  the  primitive 
polynomial.  For  example,  if  a  is  a  root  of  -h  +  1,  then 


a 

a 

a 

a 

a 

a 

a 


0 

1 

2 

3 

4 

5 

6 


1 


+ 

+  a 


1 


Continuing  in  this  way,  we  can  construct  the  log  table  for  the  field  GF(32),  which  is  shown 
in  Table  A-1. 

Using  such  a  table,  it  is  easy  to  do  arithmetic  with  the  field  elements.  To  multiply  two 
elements,  we  use  the  powers  of  a  from  the  ‘‘exp”  column,  which  are  effectively  logs,  and 
simply  add  exponents  mod  31,  since  =  1.  To  add  two  elements,  we  use  the  polynomial 
representation  from  the  table  and  add  coefficients  mod  2.  Naturally,  the  zero  element  must 
be  treated  separately,  since  it  is  not  a  power  of  a. 
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Tables  A-1  through  A-4  are  log  tables  for  all  the  Galois  fields  that  are  used  here.  In 
this  report,  we  will  express  all  field  elements  using  the  representation  shown  in  the  ‘‘exp” 
columns  of  the  log  tables.  Only  the  exponents  will  be  listed,  so  a  field  element  will  be  listed 
as  5  rather  than  a®. 

To  obtain  a  binary  codeword  from  a  Reed-Solomon  codeword,  each  of  the  field  elements 
in  the  Reed-Solomon  codeword  must  be  mapped  into  a  set  of  bits.  Although  any  one-to-one, 
mapping  would  produce  a  binary  code,  the  mapping  must  be  linear  if  we  want  to  obtain  a 
linear  binary  code.  The  representation  of  field  elements  on  the  right  side  of  the  above  log 
table  could  be  used  as  a  mapping,  with  the  five  binary  coefficients  being  the  binary  m-tuple. 
In  fact,  this  is  the  most  popular  choice,  but  there  are  many  others. 

Any  linear  mapping  from  GF(2”*)  to  binary  m-tuples  can  be  specified  by  a  basis,  which 
is  just  a  list  of  m  linearly  independent  field  elements.  If  (^i,  ^2, . . . ,  <5m)  is  a  basis,  and  7  is  an 
element  in  GF(2”^),  then  the  binary  expansion  of  7  is  the  m-tuple  (71,72,  •  •  •  ,7m)  for  which 

7  =  7l^l  +  72^2  -f  •  •  •  -f  7m^m 

To  simplify  the  conversion  from  GF(2'”)  to  binary  m-tuples,  it  is  most  convenient  to  use 
what  is  called  the  dual  basis  (/3i,/?2,  •  •  •  ,/5m)-  It  is  possible  to  calculate  the  /?,■  from  the  8  [1, 
p.llO],  or  we  can  pick  a  dual  basis  directly  by  choosing  a  set  of  m  linearly  independent  field 
elements  to  use  as  a  dual  basis.  Using  a  dual  basis,  we  can  calculate  the  binary  m-tuple 
corresponding  to  a  field  element  7  as  follows: 

7  ^  (Tr(M),  Tr(/327),  •••,  Tr(/3,„7))  (1) 

in  which  the  trace  function  is  defined  as 

m 

Tr(x)  = 

i=l 

Since  the  trace  of  x  is  the  sum  of  all  its  conjugates  (one  or  more  times),  the  value  of  the  trace 
is  always  0  or  1,  and  the  mapping  (1)  produces  a  binary  m-tuple.  Naturally,  the  mapping 
defined  in  (1)  can  be  stored  in  a  small  table,  so  the  conversion  from  GF(2’^)  to  binary  for 
any  given  basis  can  be  done  very  efficiently.  Tables  A-1  through  A-4  include  the  traces  of 
all  the  field  elements  in  the  columns  labeled  ‘T’. 

Since  the  goal  of  this  research  is  to  evaluate  the  effect  of  the  basis  on  the  properties  of  the 
resulting  binary  code,  we  need  to  examine  many  different  bases.  Any  linearly  independent 
set  of  m  field  elements  can  serve  as  a  basis.  However,  many  of  these  produce  equivalent 
codes.  For  example,  expanding  a  Reed-Solomon  code  with  (7^1,77^2,  ■  •  •  ,7^m)  will  produce 
the  same  binary  code  as  expanding  it  with  {^1,^2,  •  •  • ,  ,5,n)  because  multiplying  one  of  the 
Reed-Solomon  codewords  by  7  will  produce  another  codeword. 

Similarly,  expanding  a  cyclic  code  with  (^f ,  /?|, . . . ,  ^^  )  will  produce  a  binary  code  with 
the  same  weight  distribution  as  the  expansion  with  ,  0m)-  To  see  this,  notice  that 
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the  expansion  of  a  codeword  c(x)  =  Co  +  CiX  +  C2X^  +  . . .  with  basis  (;3i,  3^ . dm)  is  the 

same  as  the  expansion  of  Cq  +  cjx  +  +  . . .  with  basis  (di,  ....  d^).  since  Tr(x)  = 

Tr(x^).  Assuming  that  the  length  is  odd,  w^hich  is  normally  the  case  for  cyclic  codes  with 
characteristic  2,  Cg  +  CjX  +  +  ...  is  just  a  permutation  of  Cg  +  cjx^  +  c^x^  +  . . .  =  [c(x)]^, 

w'hich  must  be  in  the  original  cyclic  code.  So  squaring  the  basis  elements  just  permutes  the 
column  positions  and  the  codewords  and  has  no  effect  on  the  weight  distribution. 

Table  2.  Number  of  Distinct  Bases 


Field 

Number  of 
Distinct  Bases 

Number  of 
Distinct 
Normal  Bases 

GF(8) 

2 

1 

GF(16) 

16 

2 

GF(32) 

540 

3 

GF(64) 

74120 

4 

GF(128) 

3.6  X  10" 

7 

GF(256) 

6.5  X  10^° 

16 

For  the  smallest  fields,  it  is  possible  to  evaluate  all  Reed-Solomon  codes  expanded  wdth 
all  possible  bases.  However,  for  the  larger  fields,  we  must  choose  some  reasonable  subset 
of  the  possible  bases.  Previous  studies  [4,  5]  seem  to  indicate  that  some  of  the  best  binary 
codes  are  likely  to  be  produced  with  normal  bases.  A  normal  basis  has  the  form 

in  which  /3  can  be  any  field  element  for  which  the  above  powers  are  linearly  independent. 
Normal  bases  have  also  been  studied  extensively  for  theoretical  reasons  and  because  they 
simplify  the  arithmetic  circuitry.  See  Chapters  4  and  5  of  [3]  for  more  information  about 
normal  bases. 


As  shown  in  Table  2,  the  number  of  distinct  normal  bases  is  small  enough  to  allow  all 
cases  to  be  examined.  This  report  describes  the  weight  distributions  of  all  Reed-Solomon 
codes  with  parameters  (31,7),  (63,6),  (127,5),  and  (255,4)  expanded  with  all  distinct  normal 
bases. 


Another  popular  method  of  expanding  codes  is  to  use  a  polynomial  basis  (a^,  , . . . ,  ) 

in  which  a  is  the  primitive  element  used  to  define  the  field.  Weight  distributions  using  this 
basis  are  also  included  in  this  study  for  comparison.  Finally,  in  the  case  of  GF(256),  a  tech¬ 
nique  for  constructing  a  basis  with  unusual  symmetries  was  described  in  [4].  This  r-paired 
basis  for  GF(256)  is 


(a  ,  a  ,  a 


51  ^136  ^15  ^100  ^66 


,  a 


a 


,  Ct 


151\ 


This  basis  will  almost  always  produce  a  self-orthogonal  binary  code.  That  is,  a  code  in  which 
the  dot  product  of  any  codeword  with  any  other  codeword  is  zero.  Reed-Solomon  codes  of 
length  255  were  also  expanded  using  this  r-paired  basis. 
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2.2  Reed-Solomon  Codes 


One  way  to  define  an  {N,K)  Reed-Solomon  code  over  GF(2'")  is  to  encode  the  /t -tuple 
(7o)  hih,  -  ■  ■■,  by  evaluating  the  Mattson-Solomon  polynomial  [6] 

fi{x)  =  ^  -|-  •  •  •  +  +  Iq 

at  all  N  of  the  nonzero  field  elements  in  GF(2’”).  The  codeword  consists  of  the  N  field 
elements  resulting  from  the  N  evaluations  of  the  polynomial  fi{x).  This  is  equivalent  to 
multiplying  the  information  vector  [7o  h  h  ■  ■  -Ik-i]  by  the  following  generator  matrix; 


a" 

a" 

aO 

q2(7V-1) 

a" 

a" 

q3(;v-i) 

...  ^(Ar-i)(A--i) 

Expressing  the  code  in  terms  of  polynomial  evaluation  allows  us  to  use  the  fundamental 
theorem  of  algebra  to  bound  the  minimum  weight  of  the  code.  Since  a  polynomial  of  degree 
(K—l)  can  have  at  most  (A"— 1)  zeros,  every  nonzero  codeword  must  have  at  least  N—{K—1) 
nonzero  symbols.  So  the  minimum  weight  of  a  Reed-Solomon  code  is  at  least  N+l—K.  This 
is  a  special  case  of  the  BCH  bound  on  cyclic  codes.  Furthermore,  since  K  symbols  can  be 
chosen  as  information  symbols  (using  a  systematic  encoder),  there  must  be  some  codewords 
with  (A'  — 1)  zeros  and  weight  exactly  A^  +  l— A'.  So  the  minimum  distance  of  an  {N,K) 
Reed-Solomon  code  is  exactly  A'+l  — A^. 

Another  way  of  looking  at  this  encoding  process  is  to  view  each  row  of  the  G  matrix  as 
having  a  different  frequency.  The  encoding  process,  multiplication  by  the  above  matrix,  is 
described  by  the  equations 

A'-l 

Ci  =  i  =  0,...,iV-l 

j=o 

Since  a  is  a  primitive  N-ih  root  of  unity,  this  equation  has  exactly  the  same  form  as  a  Discrete 
Fourier  Transform,  with  In-i  equal  to  zero.  So  we  can  think  of  the  codeword  as  a 

signal  whose  DFT  is  confined  to  frequencies  0  to  (A"— 1).  We  will  call  the  band  of  frequencies 
that  may  have  nonzero  coefficients  the  spectrum  of  the  code.  Viewed  this  way,  it  is  possible 
to  think  of  the  decoding  process  as  a  kind  of  digital  filtering. 

To  enlarge  the  set  of  possible  codes,  we  can  allow  the  codewords  to  be  bandlimited  within 
any  contiguous  band  of  K  frequencies.  That  corresponds  to  evaluating  a  polynomial  such  as 

fl{x)  =  +  +  +  +loX^ 
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This  polynomial  has  degree  (5+/r  — 1),  but  5  of  its  roots  are  at  0,  and  we  are  not  evaluating 
it  at  0,  so  the  minimum  distance  is  still  A ’+1— A' .  Using  a  different  starting  frequency  makes 
no  difference  in  the  weights  of  the  Reed-Solomon  code,  but  it  can  make  a  big  difference  in 
the  binary  expansion.  The  generator  matrix  for  this  version  of  a  Reed-Solomon  code  looks 
like  this: 


Q° 

Q* 

0° 

Q,i+1 

q2(^+1) 

...  ^(N-l){s+l) 

Q° 

q2(5-|-2) 

.  .  .  ^{N-l)(s+2) 

Q° 

q2(5-K3) 

^{N-l)(s+3) 

(^(s+K-l) 

^,2(s-|-A--l) 

.  ,  .  ^,(A^-1)(5+A--1) 

The  binary  codes  whose  weight  distributions  were  evaluated  in  this  study  consist  of  Reed- 
Solomon  codes  generated  by  the  G  matrix  (2)  with  the  symbols  expanded  using  a  dual  basis 
as  shown  in  (1).  To  form  a  binary  generator  matrix,  we  can  expand  each  row  of  (2)  using 
the  dual  basis  (1),  but  this  would  produce  a  K  by  mN  binary  matrix.  Since  the  information 
vector  will  be  binary,  we  need  an  mK  by  mN  matrix,  so  we  must  expand  m  different  linearly 
independent  multiples  of  each  row  of  (2).  The  particular  multiples  of  rows  that  we  choose 
will  have  no  effect  on  the  weight  distribution  of  the  binary  code,  only  on  the  mapping  from 
information  vectors  to  codewords.  However,  the  multiples  must  be  linearly  independent,  so 
it  is  convenient  to  use  the  same  basis  elements  as  (1).  When  each  element  in  (2)  is  replaced 
by  an  m  by  m  binary  matrix,  the  resulting  generator  matrix  looks  like  this: 


Tr(/3i/3i) 

Tr(/3i/32) 

Tr(/32/3i) 

Tr(/32/32) 

Tr(/?„di) 

Tr(/?,„/32) 

Tr(/3i/Ji) 

Tr(/3i^2) 

Tr(/32/3i) 

TtW2) 

Tr(/3„/3i) 

Tr(^„;52) 

Tr(^i/?i) 

Tr(/3i/?2) 

Tr(/32/3i) 

Tr(/32/32) 

TviPM 

Tr(/?i/Ji) 

Tr(/3i/?2) 

Tr(/32/3i) 

Tr(/32/32) 

TT(l3m0l) 

Tr(/3„/32) 

[  Trfdidia*) 
Tr(/32/3iaU 

>  < 

[  Tr(/3i/3ia*+i) 

Tr(/32/3ia^+i) 

>  < 

[  Tr(/?„/3ia^+i) 

f  Tr(/Ji/3iQ^+2) 

Tr(/?2/?ia®+^) 

>  < 

[  Tr(/3„/3:a*+2) 


'  Tr(/3i/3iQ»+^'-i) 
Tr(;S2/3iQ^+^'-i) 

^  Tr(/3„Aa^+^'-') 


Tr(/3i/?2QU 

Tr(/32d2aU 


Tr(/3m/32aU  •••  J 

Tr(/3id2«^+i)  •••' 

Tr(/32/32a^+')  ••• 

. 

Tr(/3m/32a*+^)  ^ 

Tr(/3i/32a^+2)  ' 

Tr(/J2/?2a^+2)  ••• 


Tr(,/?„/32a^+2)  ...  J 

Tr(/3i/32a*+^'-')  ’ 

Tr(/32;d2a®+-^'-i)  •.. 


Tr(/?„,^2a*+^'-i) 


By  choosing  different  starting  frequencies  for  the  Reed-Solomon  code  and  different  bases 
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for  the  expansion,  a  large  number  of  different  binary  codes  can  be  obtained.  As  the  tables 
and  graphs  in  this  report  will  show,  the  characteristics  of  these  binary  codes  var}’  greatly. 

The  BCH  bound,  which  specifies  that  dmin  >  A^  +  1  — /i,  applies  to  all  these  codes  but 
is  usually  a  very  weak  bound  for  expansions  of  low  rate  Reed-Solomon  codes.  A  better 
bound  has  been  published  by  Sakakibara,  Tokiwa,  and  Kasahara  [7].  This  bound  views  the 
expansion  of  a  codeword  on  each  coordinate  as  a  word  in  a  binary  cyclic  code,  and  bounds 
the  minimum  weight  of  the  complete  expansion  as  the  smallest  product  of  the  weight  of 
each  such  binary  cyclic  codeword  and  the  number  of  coordinates  that  must  be  nonzero  for 
such  a  codeword  to  be  present.  This  STK  bound  has  been  computed  for  the  cases  covered  in 
this  study,  and  the  tables  in  Appendix  B  show  that  it  is  considerably  tighter  than  the  BCH 
bound. 


3  Weight  Distributions 

3.1  Uses  of  Weight  Distributions 


The  weight  distribution  of  a  linear  code  is  useful  because  it  gives  a  very  good  indication  of 
the  performance  of  the  code  on  channels  in  which  the  errors  are  independent  of  each  other. 
For  example,  suppose  that  A,  is  the  number  of  codewords  with  weight  i  in  a  binary  linear 
(n,k)  code.  On  a  binary  symmetric  channel  where  each  bit  has  a  probability  q  of  being 
received  correctly  and  a  probability  p  =  (1  —  5)  of  being  received  incorrectly,  the  probability 
of  an  error  being  detected  by  this  code  is 

Pj  =  1  - 

since  undetected  errors  occur  only  when  the  error  pattern  is  exactly  equal  to  another  code¬ 
word. 

When  p  is  very  small  (the  channel  has  high  signal-to- noise  ratio),  the  expression  for  P^, 
is  dominated  by  the  first  nonzero  term  of  the  summation,  the  one  in  which  i  is  equal  to  the 
minimum  distance  of  the  code.  The  minimum  distance  is  also  a  useful  parameter  because 
the  code  can  guarantee  to  correct  all  error  patterns  with  /2J  or  fewer  errors.  However, 
on  channels  with  lower  signal-to- noise  ratios,  those  with  p'  w  ,  error  patterns  of  larger 
weights  are  still  quite  likely,  and  sometimes  it  is  possible  for  a  code  to  correct  most  of  the 
error  patterns  of  weights  considerably  larger  than  [dmin/2j. 

The  best  possible  decoder  for  a  code  is  called  a  maximum  likelihood  decoder,  because  it 
finds  the  codeword  which  is  most  likely  to  have  been  transmitted  given  the  received  pattern. 
Using  the  weight  distribution,  reasonably  tight  bounds  on  the  performance  of  a  maximum 
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likelihood  decoder  can  be  obtained  [8,  9,  10].  It  is  easy  to  calculate  the  probability  of  any 
particular  error  pattern  for  a  binary  symmetric  channel;  if  the  pattern  has  weight  h  the 
probability  is  Such  a  pattern  will  be  decoded  incorrectly  by  a  maximum  likelihood 

decoder  if  it  is  closer  to  another  codeword  than  to  the  all-zero  codeword.  If  we  multiply  this 
probability  by  the  number  of  error  patterns  of  weight  i  that  are  closer  to  the  codeword  than 
to  the  all-zero  codeword,  and  then  we  sum  over  all  of  the  codewords,  we  obtain  a  simple 
upper  bound  on  the  probability  of  decoding  error.  Unfortunately,  this  bound  is  tight  only 
for  small  p.  For  noisy  channels,  we  must  account  for  the  fact  that  many  error  patterns  are 
closer  to  multiple  codewords  than  to  the  all-zero  codeword. 


Poltyrev  [10]  has  recently  published  a  bound  which  is  tight  for  larger  values  of  p.  His 
bound  can  be  expressed  as 


2(mo“l)  n 

Pe  <  +  E 

w=dmin  i=mo 


in  which  the  coefficients  are  given  by 

7710-1 


r.  =  E  Th*?-  E 


:=ftu/2l 


mo  —7  —  1 


n  —  w 


■W  —  J 


and  mo  is  the  smallest  integer  m  for  which 

2m  m 

E  E 

w—dmin  i—\vjj2'\ 


J=0 


w\  in  —  w 


i  \m  —  i 


> 


'  n 
<rn , 


(3) 


(4) 


In  practice,  mo  does  not  vary  much  for  codes  with  the  same  n  and  k,  so  we  can  calculate 
the  coefficients  and  use  them  to  compare  the  weight  distributions  of  various  codes.  Fig¬ 
ure  1  shows  the  values  of  the  coefficients  for  (2040,32)  binary  codes  at  some  relatively 
high  channel  error  probabilities.  By  using  these  coefficients,  we  can  easily  calculate  the  up¬ 
per  bound  on  decoded  error  probability  for  any  code,  given  its  weight  distribution.  In  fact, 
we  can  also  see  which  terms  in  the  weight  distribution  contribute  the  most  to  the  decoded 
error  probability.  In  many  cases,  the  most  important  term  is  the  minimum  distance  one,  but 
for  high  channel  error  probabilities,  this  is  not  always  the  case,  as  we  will  see  in  the  next 
section. 

It  is  often  easier  to  prove  results  about  the  set  of  all  possible  codes  than  to  prove  the  same 
results  about  a  specific  code.  For  example,  the  weight  distribution  of  a  randomly  chosen  code 
can  be  approximated  by  the  binomial  distribution: 

_  I  ^  1 ~  2^H(wln)+k-n 

\w) 

To  estimate  the  performance  of  such  a  code,  we  can  substitute  this  in  equation  (3)  and  obtain 
the  decoded  error  probabilities  shown  in  Figure  2  for  (2040,32)  codes.  Similarly,  we  could 
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Decoded  Error  Probability  Poltyrev  Coefficient 


1 

1e-10 

1e-20 

1e-30 

le-40 

1e-50 

1e-60 

1e-70 

1e-80 

le-90 

1e-100 

1e-110 

le-120 

1e-130 

1e-140 

1e-150 

1e-160 

1e-170 

1e-180 

1e-190 

16-200 


Weight 


Figure  1.  Coefficients  r,^;  in  the  Poltyrev  Bound  (Equation  4) 


Figure  2.  Poltyrev  Bound  for  a  (2040,32)  Binomial  Weight  Distribution 
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use  the  average  weight  distribution  for  GRS  codes  given  in  [11].  producing  a  curve  slightly 
better  than  that  shown  in  Figure  2  for  small  p.  Either  of  these  averages  can  be  used  as  a 
reference  in  evaluating  particular  codes. 


Weight  distributions  can  also  be  used  to  provide  information  about  the  dual  of  a  code. 
The  Mac  Williams  identities  [12]  make  it  relatively  easy  to  find  the  weight  distribution  of  the 
dual  from  the  weight  distribution  of  the  original  code.  If  there  are  A,  words  of  weight  i  in  a 
binary  linear  (n,k)  code,  then  the  number  of  words  of  weight  j  in  the  (n,  n  —  k)  dual  code  is 


B, 


2  =  0 


t'=0  /i=0 


in  which  the  Pj(a:)  are  called  Krawtchouk  polynomials.  See  Chapter  5  of  [12]  for  more  infor¬ 
mation  about  Krawtchouk  polynomials  and  ways  to  calculate  the  dual  weight  distribution. 
Using  the  weight  distributions  found  in  this  study,  it  is  relatively  easy  to  calculate  the  weight 
distributions  of  the  dual  codes,  even  though  the  number  of  codewords  in  any  of  the  dual 
codes  is  huge. 


3.2  Calculation  of  Weight  Distributions 


In  some  cases,  it  is  possible  to  determine  the  weight  distribution  of  a  code  by  reasoning 
about  its  algebraic  properties.  For  example,  the  weight  distribution  of  an  (A^  =  2'^  —  FA") 
Reed-Solomon  code  over  GF(2^)  can  be  shown  to  be  [12,  p.321] 


A. 


E  (-1)' 


I  2^7n(i  —  N+K-'l~-j) 


j=:0 


However,  this  is  the  number  of  codewords  containing  i  nonzero  symbols.  If  we  map  each 
symbol  into  a  binary  m-tuple,  the  number  of  nonzero  bits  in  the  codeword  could  be  any 
value  between  i  and  mi. 


The  most  direct  way  to  obtain  the  weight  distribution,  for  reasonably  small  codes,  is 
simply  to  generate  all  the  codewords  and  count  the  number  of  nonzero  symbols  in  each.  A 
collection  of  programs  was  written  to  do  this  for  binary  mappings  of  Reed-Solomon  codes. 
To  make  them  as  general  as  possible,  one  program  produces  a  binary  generator  matrix  when 
given  the  spectrum  of  the  Reed-Solomon  code  and  a  list  of  the  dual  basis  elements.  The  other 
programs  calculate  the  weight  distribution  for  any  binary  linear  code,  given  the  generator 
matrix.  This  allows  them  to  be  used  with  other  binary  codes  that  have  less  structure  than 
those  described  here. 
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Although  it  is  relatively  easy  to  form  the  generator  matrix  for  one  of  these  binary  codes, 
an  {N,K)  Reed-Solomon  code  will  produce  an  {mN,mK)  binary  code,  which  contains  2™-^ 
codewords  of  mN  bits  each.  For  example,  a  (127.6)  Reed-Solomon  code  over  GF(128)  will 
produce  an  (889,42)  binary  code  which  contains  2^^  codewords  of  889  bits  each.  Generating 
all  4398046511104  of  these  codewords  and  counting  the  number  of  I’s  in  each  of  them  involves 
a  large  amount  of  computation.  In  fact,  only  one  code  of  this  size  was  evaluated  during  this 
study. 

Because  the  amount  of  computation  is  so  large,  the  programs  that  calculate  the  weight 
distributions  have  been  optimized  very  carefully.  Since  all  linear  combinations  of  the  rows 
of  the  generator  matrix  are  codewords,  the  programs  generate  codewords  by  choosing  a  row 
and  XORing  it  with  the  previous  codeword.  By  choosing  rows  using  a  Gray  code,  we  can 
generate  all  the  codewords  with  only  a  single  XOR  operation  for  each. 

Finding  the  weight  of  a  codeword  is  somewhat  more  difficult.  Some  computers  have 
instructions  that  count  the  number  of  Is  in  a  word.  For  other  machines,  various  algorithms 
can  be  used.  The  most  obvious  approach  is  simply  to  examine  each  bit  and  count  the  Is. 
However,  there  are  a  number  of  algorithms  for  counting  bits  that  are  significantly  faster.  For 
example,  this  operation  removes  the  least  significant  1  from  x: 

X  &=  x-1; 


So  repeating  it  until  x  is  zero  counts  the  bits  somewhat  faster  if  there  are  not  very  many  Is 
in  the  word. 

Another  approach  is  to  break  the  codeword  into  bytes  (or  larger  pieces)  and  to  use  a 
table  to  determine  the  weight  of  each  byte.  On  a  machine  with  a  large  cache  and  fast  load 
instructions,  that  can  be  very  efficient. 


Other  algorithms  use  arithmetic  operations  to  count  more  than  one  bit  at  a  time.  For 
example,  if  the  machine  has  a  fast  shift  operation  and  x  is  a  64-bit  variable, 


X 

X 

X 

X 

X 

X 


(0x5555555555555555  &  x»l)  +  (0x5555555555555555  & 
(0x3333333333333333  &  x»2)  +  (0x3333333333333333  & 
(OxOfOfOfOfOfOfOfOf  &  x»4)  +  (OxOfOfOfOfOfOfOfOf  k 
(OxOOffOOffOOffOOff  &  x»8)  +  (OxOOffOOffOOffOOff  & 
(OxOOOOffffOOOOffff  &  x»16)  +  (OxOOOOffffOOOOffff  k 
(x»32)  +  (OxOOOOOOOOffffffff  &  x) ; 


x)  ; 
x) ; 
x) ; 
x) : 
x) ; 


This  adds  each  pair  of  bits,  leaving  the  sum  in  a  2-bit  field.  -  Then,  each  pair  of  2-bit  numbers 
is  added,  followed  by  pairs  of  4-bit  numbers,  etc.  If  the  machine  has  a  fast  mod  operation, 
we  can  improve  the  algorithm  this  way: 
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X  =  (0x5555555555555555  k  x>>l) 
X  =  (0x3333333333333333  &  x»2) 
X  =  (OxOfOfOfOfOfOfOfOf  &  x»4) 
X  =  X  ’/,  255; 


+  (0x5555555555555555  &  x) ; 
+  (0x3333333333333333  &  x) ; 
+  (OxOfOfOfOfOfOfOfOf  &  x); 


After  the  first  three  steps,  x  consists  of  8  bytes,  each  of  which  holds  a  number  between  0 
and  8.  The  mod  operation  adds  these  8  bytes  together,  producing  the  final  count. 

If  the  codeword  is  too  large  to  fit  in  a  single  64-bit  register,  it  may  not  be  necessary  to 
repeat  the  entire  algorithm  for  each  64-bit  section  of  the  codew'ord,  because  many  of  the 
fields  shown  above  are  large  enough  to  hold  bit-counts  from  more  than  two  of  the  previous 
fields.  After  the  first  few  steps  are  done  on  a  64-bit  section  of  the  codeword,  the  result  can 
be  combined  with  the  corresponding  result  from  another  64-bit  section,  so  the  remaining 
steps  are  done  only  once. 

The  choice  of  the  best  bit-counting  algorithm  depends  on  the  characteristics  of  the  ma¬ 
chine  being  used.  The  computations  described  here  were  done  on  a  256-processor  KSRl. 
The  processors  on  this  machine  are  64-bit  RISCs,  which  issue  two  instructions  per  clock 
cycle.  The  scheduling  of  instructions  to  be  issued  together  is  determined  by  the  compiler, 
with  the  restriction  that  one  must  be  some  kind  of  arithmetic  operation  and  the  other  must 
be  a  load,  store,  or  address  computation.  If  the  appropriate  type  of  instruction  cannot  be 
executed  during  a  given  cycle,  a  no-op  is  inserted  instead.  The  KSRl  has  an  unusual  mem¬ 
ory  system,  which  allows  any  processor  to  use  the  memory  of  other  processors  essentially  as 
virtual  memory.  However,  for  a  small  program  which  requires  as  much  speed  as  possible,  the 
most  important  factor  is  that  the  KSRl  has  relatively  long  delays  when  cache  misses  occur. 
For  that  reason,  keeping  all  data  within  the  256-kb  caches  is  very  helpful  in  maximizing 
execution  speed. 

The  KSRl  has  fast  shifting  and  addition  instructions  but  no  integer  division  or  mod 
instructions,  and  its  memory  load  instruction  is  somewhat  slow,  especially  if  tables  are  used 
that  are  too  large  for  the  256kb  caches.  Thirteen  bit-counting  algorithms  were  tested  on  the 
KSRl.  The  fastest  used  an  arithmetic  approach  similar  to  the  masking  algorithm  described 
above,  interleaved  with  the  memory  accesses  that  are  required  to  generate  the  codeword. 
Since  no  large  tables  were  required  for  this  algorithm,  it  was  relatively  easy  to  keep  all  the 
data  within  the  cache.  The  inner  loops  containing  the  bit-counting  algorithm  were  completely 
unrolled,  and  the  arithmetic  and  memory  access  operations  were  interleaved  manually,  since 
the  compiler’s  optimizer  was  not  able  to  do  this  very  well  by  itself.  Different  programs 
were  created  for  various  codeword  lengths,  with  slightly  different  bit- counting  algorithms 
being  used  in  the  unrolled  inner  loops.  The  resulting  programs  process  about  five  bits  per 
clock  cycle.  That  is,  a  2048-bit  codeword  can  be  generated  and  its  weight  determined  in 
approximately  410  clock  cycles.  Using  64  processors,  a  typical  code  included  in  this  study 
can  be  evaluated  in  less  than  an  hour. 
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3.3  Choice  of  Codes 


To  evaluate  a  large  number  of  promising  codes,  it  was  necessary  to  restrict  the  size  of  most 
of  the  codes  to  about  2^^  codewords.  With  codes  of  this  size,  it  was  possible  to  examine 
all  combinations  of  spectra  using  the  most  promising  bases.  Starting  with  spectra  centered 
at  0,  all  frequencies  up  to  N/2  were  used.  The  spectra  past  N/2  produce  codes  that  are 
equivalent  to  those  below  N/2.  As  described  in  Section  2.1,  the  most  promising  bases  seem' 
to  be  normal  bases,  so  all  normal  bases  were  used.  In  addition,  the  popular  polynomial  basis 
was  used,  and  the  r-paired  basis  for  GF(256)  was  also  used.  The  following  combinations 
were  evaluated: 


Table  3.  Summary  of  Codes  Evaluated 


Reed- Solomon 
Parameters 

Binary 

Parameters 

Distinct 

Spectra 

Distinct 

Bases 

Total 

Codes 

(31,7) 

(155,35) 

16 

4 

64 

(63,6) 

(378,36) 

32 

5 

180 

(127,5) 

(889,35) 

64 

8 

512 

(255,4) 

(2040,32) 

128 

18 

2304 

After  all  these  codes  had  been  evaluated,  one  large  code  of  each  length  was  chosen  by 
looking  for  pairs  of  adjacent  frequency  spectra  that  produced  codes  with  large  minimum 
distances.  The  codes  chosen  were 

Table  4.  Large  Codes  Evaluated 


Reed- Solomon 
Parameters 

Binary 

Parameters 

Spectrum 

Basis 

(31,8) 

(155,40) 

1-8 

0  3  9  14  21 

(63,7) 

(378,42) 

8-14 

23  46  29  58  53  43 

(127,6) 

(889,42) 

6-11 

21  42  84  41  82  37  74 

(255,5) 

(2040,40) 

67-71 

5  10  20  40  80  160  65  130 

4  Summary  of  Results 

4.1  Minimum  Distances 


As  explained  in  Section  3.1,  the  minimum  distance  of  a  code  is  a  good  measure  of  its  error- 
correcting  capability  on  a  channel  where  the  errors  are  independent  and  not  too  frequent. 
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The  minimum  distances  of  all  the  (155,35),  (378.26),  (889,35)  and  (2040.32)  codes  are  listed 
in  .4ppendix  B.  The  STK  bound  is  also  listed  for  each  spectrum.  In  some  cases,  the  STK 
bound  is  equal  to  the  computed  minimum  distance  of  one  or  more  codes,  so  the  bound  is  as 
tight  as  possible.  However,  in  other  cases  there  is  a  significant  difference  between  the  STK 
bound  and  the  worst  code  examined  in  this  study.  In  those  cases,  it  is  not  clear  whether  the 
STK  bound  is  loose  or  the  particular  codes  examined  happened  to  be  good. 

Binary  expansions  of  Reed- Solomon  codes  whose  spectra  include  frequency  0  always 
contain  codewords  of  weight  A",  so  their  minimum  distances  are  close  to  the  BCH  bound 
{dmin  >  A'^  +  1  — /i )  if  K  is  small.  However,  if  we  restrict  ourselves  to  codes  without  frequency 
0  in  the  spectrum  and  expansions  wdth  normal  bases,  the  minimum  distances  of  all  the  codes 
examined  in  this  study  were  much  greater  than  the  BCH  bound.  The  minimum  distances  of 
these  codes  are  summarized  in  the  following  table. 

Table  5.  Summary  of  Minimum  Distances 


Reed-Solomon 

Parameters 

Binary 

Parameters 

Worst 

drain 

Average 

dmin 

Best 

dmin 

BCH 

Bound 

(31,7) 

(155,35) 

40 

40.944 

44 

25 

(63,6) 

(378,36) 

84 

123.690 

136 

58 

(127,5) 

(889,35) 

320 

359.405 

368 

123 

(255,4) 

(2040,32) 

680 

863.402 

920 

252 

For  comparison,  the  parameters  of  binary  BCH  codes  with  comparable  lengths  and  rates 
have  been  calculated.  As  can  be  seen  from  Table  6,  the  best  binary  mappings  of  low  rate 
Reed-Solomon  codes  should  have  error-correction  capabilities  similar  to  BCH  codes  with 
comparable  lengths  and  rates,  assuming  that  bounded  distance  decoders  are  used  in  both 
cases.  Whether  BCH  or  RS  codes  are  more  useful  in  a  given  application  will  depend  on  the 
decoders  being  used,  which  is  beyond  the  scope  of  this  report. 

Table  6.  Summary  of  Best  Codes  Found 


Best  Reed-Solomon 
(n,k,d)  Rate  d/n 

Comparable  BCH  Code 
(n,k,d)  Rate  d/n 

(155,35,44) 

0.226 

0.284 

(255,55,63) 

0.216 

0.247 

(378,36,136) 

0.095 

0.360 

(511,49,187) 

0.096 

0.366 

(889,35,368) 

0.039 

0.414 

(1023,46,439) 

0.045 

0.429 

(2040,32,920) 

0.016 

0.451 

(2047,34,959) 

0.017 

0.468 

Finally,  four  large  codes  were  examined  by  choosing  spectra  and  bases  that  seemed  most 
promising  from  the  minimum  distances  of  the  smaller  codes.  Their  minimum  distances  were 
not  quite  so  close  to  the  comparable  BCH  codes,  but  better  choices  of  spectra  and  bases 
may  well  exist.  Tables  7  through  10  show  the  complete  weight-distributions  of  these  codes. 
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Table  7.  Weight  Distribution  of  a  (155,40)  Binary  Code 
Spectrum  1-8,  Dual  Basis  (0  3  9  14  21) 


wt 

count 

Wt 

count 

32 

310 

80 

259753247248 

40 

1240 

84 

163600049605 

44 

89280 

88 

68179650980 

48 

3039860 

92 

18699672905 

52 

57662635 

96 

3353454140 

56 

695707580 

100 

389194057 

60 

5363346115 

104 

28871540 

64 

26885429365 

108 

1346485 

68 

88221337755 

112 

39060 

72 

190890926420 

116 

620 

76 

273388560575 

Table  8.  Weight  Distribution  of  a  (378,42)  Binary  Code 


Spectrum  8-14,  Dual  Basis  (23  46  29  58  53  43) 


Wt 

count 

Wt 

count 

Wt 

count 

128 

1512 

172 

156687672834 

216 

15201292071 

132 

16884 

176 

295524302661 

220 

4423925457 

136 

226044 

180 

470472479673 

224 

1081650780 

140 

1979208 

184 

632297829429 

228 

222598026 

144 

14846727 

188 

717672073860 

232 

38368701 

148 

94314969 

192 

688032904356 

236 

5602905 

152 

502220628 

196 

557065475091 

240 

681786 

156 

2236624992 

200 

380866179141 

244 

71442 

160 

8379432747 

204 

219784303809 

248 

3780 

164 

26407187163 

208 

107031655206 

252 

807 

168 

70054396110 

212 

43946192304 
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Table  9.  Weight  Distribution  of  an  (889.42)  Binary  Code 
Spectrum  15-20,  Dual  Basis  (21  42  84  41  82  37  74) 


wt 

count 

Wt 

count 

Wt 

count 

Wt 

count 

352 

889 

400 

5539655037 

448 

464998845464 

496 

1217007218 

356 

9779 

404 

11555952758 

452 

408293040918 

500 

448900550 

360 

48895 

408 

23864037743 

456 

355051321646 

504 

163371149 

364 

209804 

412 

43074558758 

460 

269989677825 

508 

52263421 

368 

813435 

416 

76928295724 

464 

203322063637 

512 

16343376 

372 

3222625 

420 

120164224238 

468 

133863641086 

516 

4493895 

376 

12128627 

424 

185841098345 

472 

87275195147 

520 

1220597 

380 

39155116 

428 

251223266539 

476 

49739779108 

524 

306705 

384 

124843159 

432 

336422150624 

480 

28061294779 

528 

72898 

388 

347626559 

436 

393895228083 

^  484 

13839741307 

532 

17018 

392 

962951719 

440 

456689102114 

'  488 

6756910286 

536 

3556 

396 

2320725610 

444 

463060155285 

492 

2881537925 

560 

127 

Table  10.  Weight  Distribution  of  a  (2040,40)  Binary  Code 


Spectrum  67-71,  Dual  Basis  (  5  10  20  40  80  160  65  130) 


wt 

count 

wt 

count 

wt 

count 

Wt 

count 

884 

4080 

956 

1400404920 

1028 

72958062240 

1100 

145554000 

888 

7140 

960 

2280545614 

1032 

67481123280 

1104 

76667790 

892 

14280 

964 

3588543600 

1036 

60456320040 

1108 

39498480 

896 

12240 

968 

5485726260 

1040 

52489835460 

1112 

19354500 

900 

44880 

972 

8119459080 

1044 

44162913480 

1116 

9214680 

904 

128520 

976 

11644222590 

1048 

36045279180 

1120 

4219485 

908 

361080 

980 

16183903440 

1052 

28458275400 

1124 

1938000 

912 

887400 

984 

21806623860 

1056 

21815270570 

1128 

817020 

916 

1864560 

988 

28469815680 

1060 

16189517520 

1132 

342720 

920 

4168740 

992 

36043684410 

1064 

11642600280 

1136 

139740 

924 

9345240 

996 

44171436600 

1068 

8122986240 

1140 

53040 

928 

19663815 

1000 

52506293160 

1072 

5484394650 

1144 

33660 

932 

38445840 

1004 

60453329400 

1076 

3587048280 

1148 

6120 

936 

76176660 

1008 

67464283080 

1080 

2278098600 

1152 

2295 

940 

146378160 

1012 

72940832400 

1084 

1400588520 

1280 

51 

944 

268636890 

1016 

76471572600 

1088 

835191435 

948 

479212320 

1020 

77664997080 

1092 

479867160 

952 

834384600 

1024 

76483103700 

1096 

267899940 
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4.2  Error  Probability  for  Maximum  Likelihood  Decoders 


Section  3.1  described  Poltyrev’s  bound  on  the  probability  of  error  using  a  maximum  likeli¬ 
hood  decoder  in  terms  of  the  weight  distribution  of  the  code.  Since  this  bound  is  reasonably 
tight,  it  allows  us  to  estimate  the  performance  that  could  be  expected  from  a  code  even  on 
very  noisy  channels.  We  have  computed  the  Poltyrev  coefficients  r^,,  defined  in  Equation  4, 
for  a  variety  of  noisy  channels.  Using  these  coefficients,  the  Poltyrev  bound  on  decoded  error’ 
probability  was  computed  for  each  code  in  this  study.  The  results  were  compared  with  each 
other  and  with  the  bounds  for  randomly  chosen  codes. 


Minimum  Distance  Minimum  Distance 

Figure  3.  Poltyrev  Bound  versus  Minimum  Distance  for  (2040,32)  Codes 

Figure  3  shows  the  Poltyrev  bounds  for  all  the  (2040,32)  codes  over  several  noisy  chan¬ 
nels.  To  explore  the  relationship  between  the  minimum  distance  of  a  code  and  its  expected 
performance,  these  graphs  show  the  Poltyrev  bound  versus  minimum  distance.  In  general. 


Table  11.  Poltyrev  Bounds  for  Randomly  Chosen  Codes  and  the  Best  Codes  Found 


(155,35)  Codes 

p 

Binomial  Bound 

GRS  Bound 

Best  Code  Found 

Spectrum 

Basis 

Bound 

dmzn 

0.001 

7.306639e-33 

7.464097e-48 

1-7 

p 

6.206917e-51 

44 

0.005 

2.996015e-28 

7.806341e-34 

1-7 

p 

1.791746e-35 

44 

0.010 

5.745637e-25 

9.361781e-28 

1-7 

p 

9.168231e-29 

44 

0.050 

9.640729e-13 

8.522276e-13 

1-7 

nl 

9.716880e-13 

44 

0.100 

2.370380e-05 

2.365799e-05 

30-5 

P 

2.380773e-05 

31 

0.150 

5.024232e-02 

5.022447e-02 

30-5 

P 

5.024455e-02 

31 

(378,36)  Codes 

P 

Binomial  Bound 

GRS  Bound 

Best  Code  Found 

Spectrum 

Basis 

Bound 

dmin 

0.01 

2.058723e-74 

2.123295e-89 

6-11 

nl 

2.496888e-93 

136 

0.05 

7.0361 18e-45 

6.149502e-46 

6-11 

nl 

9.690504e-47 

136 

0.10 

4.267098e-27 

3.859954e-27 

6-11 

nl 

4.387516e-27 

136 

0.15 

4.600400e-15 

4.595619e-15 

6-11 

nl 

4.893753e-15 

136 

0.20 

5.770604e-07 

5.770402e-07 

21-26 

n3 

5.812251e-07 

136 

0.25 

1.665089e-02 

1.665078e-02 

21-26 

n3 

1.668319e-02 

136 

(889,35)  Codes 

P 

Binomial  Bound 

GRS  Bound 

Best  Code  Found 

Spectrum 

Basis 

Bound 

drain 

0.10 

4.191286e-77 

4.689137e-78 

42-46 

n5 

4.864483e-79 

368 

0.15 

1.839778e-50 

1.620368e-50 

42-46 

n5 

1.369348e-50 

368 

0.20 

1.537811e-31 

1.527868e-31 

49-53 

n6 

1.938512e-31 

368 

0.25 

1.672228e-16 

1.672156e-16 

15-19 

n3 

1.691448e-16 

368 

0.30 

2.545667e-06 

2.545663e-06 

15-19 

n3 

2.547159e-06 

368 

0.35 

2.758823e-01 

2.758823e-01 

15-19 

n3 

2.759070e-01 

368 

(2040,32)  Codes 

P 

Binomial  Bound 

GRS  Bound 

Best  Code  Found 

Spectrum 

Basis 

Bound 

drain 

0.20 

2.720149e-85 

2.142967e-85 

11-14 

n2 

1.039228e-85 

920 

0.25 

2.591987e-53 

2.563703e-53 

11-14 

n2 

2.909820e-53 

920 

0.30 

1.536953e-29 

1.535678e-29 

95-98 

nl2 

1.817308e-29 

912 

0.35 

8.340791e-ll 

8.340779e-ll 

125-128 

n7 

8.356173e-ll 

896 

0.40 

1.559268e-01 

1.559268e-01 

125-128 

n7 

1.559512e-01 

896 
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there  was  a  strong  correlation  between  the  minimum  distance  and  the  bound,  even  for  very 
noisy  channels.  The  worst  codes  were  almost  always  those  with  small  minimum  distances, 
which  in  this  case  means  codes  whose  spectrum  includes  frequency  0.  Conversely,  codes  with 
very  large  minimum  distances  always  produced  very  good  bounds. 

However,  with  noisy  channels,  the  bound  exhibits  a  threshold  effect.  Any  code  whose 
minimum  distance  exceeds  the  threshold  will  have  a  very  good  decoded  error  probability,, 
while  codes  below  the  threshold  become  worse  as  their  minimum  distances  decrease.  Al¬ 
though  it  is  not  obvious  from  the  graphs,  2005  of  the  2305  codes  have  minimum  distances 
exceeding  800,  so  most  of  the  codes  perform  very  well  on  noisy  channels.  When  the  mini¬ 
mum  distance  is  near  the  threshold,  the  bound  varies  greatly,  depending  on  the  number  of 
codewords  at  or  near  dmin-  This  is  most  obvious  in  the  graph  for  p  =  0.3,  where  the  best  code 
with  dmin  —  768  has  only  85  codewords  of  weight  768,  while  the  worst  has  7140  codewords 
of  that  weight  and  its  bound  is  worse  by  a  factor  of  77. 

The  Poltyrev  bound  was  also  calculated  for  randomly  chosen  codes  (based  on  the  bino¬ 
mial  distribution),  and  for  randomly  chosen  binary  mappings  of  GRS  codes  (based  on  the 
distribution  in  [11]).  Some  of  the  results  are  shown  in  Table  11.  When  the  channel  error 
probability  is  small,  the  best  codes  perform  significantly  better  than  randomly  chosen  codes, 
which  could  be  predicted  simply  from  the  values  of  dmin-  On  noisy  channels,  the  best  codes 
found  in  this  study  are  slightly  worse  than  the  average  binomial  or  GRS  families.  However, 
the  bounds  for  all  the  codes  examined  were  very  close  on  noisy  channels,  so  codes  with  the 
largest  dmin  still  perform  very  well  in  these  cases.  Since  the  actual  channel  error  probability 
is  likely  to  vary,  codes  with  the  largest  minimum  distances  seem  to  be  the  best  choice  when 
either  bounded  distance  or  maximum  likelihood  decoders  are  used.  However,  this  is  not 
necessarily  true  for  all  other  decoders,  including  some  that  we  are  investigating. 


4.3  Gaps  in  the  Weight  Distributions 


The  weight  distributions  of  almost  all  codes  resemble  the  normal  distribution.  When  the 
minimum  distance  of  the  dual  code  is  large,  Sidelnikov  [13,  14]  showed  that  the  cumulative 

weight  distribution  differs  from  the  cumulative  normal  distribution  by  at  most  9/ yd^~.  This 
was  improved  somewhat  by  Kasami  et  al  [15].  The  codes  in  this  study  have  small  values  of 
d^in,  SO  this  bound  becomes  trivial,  but  their  weight  distributions  are  clearly  close  to  the 
normal  or  binomial  distributions.  The  most  obvious  difference  is  that  almost  all  the  weight 
distributions  in  this  study  contain  regular  gaps,  weights  for  which  there  are  no  codewords. 

These  gaps  were  previously  investigated  in  [5].  In  most  cases,  all  the  weights  in  a  code 
are  multiples  of  some  power  of  2.  A  lower  bound  on  this  power  of  2  can  be  obtained  by 
examining  the  frequencies  in  the  spectrum  of  the  Reed- Solomon  code.  However,  expansions 
with  some  bases  result  in  larger  gaps  than  expansions  with  other  bases.  In  [5],  this  was 
explained  by  determining  which  powers  of  the  basis  elements  sum  to  zero. 
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Table  12.  Weight  Distribution  of  an  Unusual  (2040,32)  Binary  Code 
Spectrum  82-85,  Dual  Basis  (61  122  244  233  211  167  79  158) 


wt 

count 

Wt 

count 

Wt 

count 

Wt 

count 

680 

24 

966 

19524840 

1026 

328892880 

1088 

1433865 

850 

72 

968 

7900920 

1030 

309106920 

1090 

2731560 

908 

2040 

972 

29794200 

1032 

98811480 

1094 

1587120 

914 

4080 

976 

19927485 

1036 

221435880 

1096 

371280 

918 

10200 

978 

60078000 

1040 

89637600 

1100 

491640 

920 

4080 

982 

82648560 

1042 

212631240 

1104 

112200 

924 

23460 

984 

31907640 

1046 

175962240 

1106 

248880 

928 

32640 

988 

104168520 

1048 

52421880 

1110 

116280 

930 

142800 

992 

61817610 

1052 

104401080 

1112 

16320 

934 

206040 

994 

176103000 

1056 

37531070 

1116 

25500 

936 

110160 

998 

212765880 

1058 

82530240 

1120 

10200 

940 

503880 

1000 

77089560 

1062 

60859320 

1122 

10200 

944 

448800 

1004 

221454240 

1064 

17307360 

1126 

4080 

946 

1646280 

1008 

115000410 

1068 

29526960 

1132 

2040 

950 

2913120 

1010 

310412520 

1072 

9266190 

1136 

2040 

952 

1287240 

1014 

329731320 

1074 

19881840 

1190 

72 

956 

5183640 

1016 

112059240 

1078 

12523560 

1360 

27 

960 

3863335 

1020 

284335260 

1080 

3366000 

962 

12645960 

1024 

130678575 

1084 

5284620 

For  example,  from  the  diagrams  in  [5],  any  expansion  of  the  (255,4)  RS  code  with  spec¬ 
trum  (3-6)  must  produce  codewords  whose  weights  are  divisible  by  8.  However,  if  the  basis 
satisfies 

m  — 1 

^  =  0  for  6  =  43,45,51,53,85  (5) 

1=0 

then  the  weights  of  all  codewords  will  be  divisible  by  16.  From  the  table  of  power  sums  in 
[5],  the  only  normal  bases  that  satisfy  (5)  are  the  8-th,  9-th,  and  10-th  normal  bases  (those 
based  on  and  a^^).  Examination  of  the  calculated  weight  distributions  shows  that 

these  three  bases  resulted  in  gaps  of  size  16,  while  all  the  other  expansions  resulted  in  gaps 
of  size  8. 

Almost  all  of  the  regular  gaps  in  the  weight  distributions  can  be  explained  in  this  way. 
However,  there  are  a  few  cases  that  are  more  complex.  For  example,  expansions  of  (255,4) 
RS  codes  whose  spectra  contain  frequency  15  must  have  weights  divisible  by  2.  Many  of  the 
expansions  can  be  shown  to  have  gaps  of  size  4  by  using  the  tables  in  [5].  But  a  few  of  the 
calculated  distributions  have  gaps  of  size  8. 

While  most  of  the  gaps  in  the  central  part  of  the  distributions  are  simple  powers  of  2, 
a  few  codes  have  much  more  irregular  patterns  of  gaps.  The  most  unusual  of  these  is  the 
expansion  of  the  (255,4)  Reed-Solomon  code  with  spectrum  (82-85)  using  the  normal  basis 
(61,122,244,233,211,167,79,158).  The  resulting  weight  distribution  is  shown  in  Table  12. 
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Spectrum  82-85,  Dual  Basis  (61,122,244,233,211.167,79,158) 


950  960  970  980  990  1000101010201030104010501060107010801090 

Weight 

Figure  4.  Weight  Distribution  of  an  Unusual  (2040,32)  Binary  Code 

Even  in  the  central  part  of  the  distribution,  the  size  of  the  gaps  varies  between  2  and  4. 
The  gaps  are  symmetric  about  weight  1020  (which  is  n/2)  and  have  other  symmetries,  which 
can  be  seen  in  Figure  4.  The  number  of  codewords  in  the  figure  is  plotted  with  a  linear 
scale  to  show  that  the  weight  distribution  resembles  two  normal  distributions  —  the  lower 
one  consists  of  all  weights  that  are  divisible  by  8,  and  the  upper  one  consists  of  the  other 
weights.  It  is  extremely  unusual  for  the  central  part  of  a  weight  distribution  to  look  so  much 
different  from  a  normal  distribution,  although  a  few  other  codes  in  this  study  also  resemble 
two  or  more  overlapping  normal  distributions.  These  cases  are  now  being  investigated. 
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5  Conclusions 


This  study  has  examined  the  weight  distributions  of  3064  binary  codes  derived  by  expanding 
low  rate  Reed-Solomon  codes  with  various  bases.  Almost  all  the  resulting  binary  codes  have 
minimum  distances  far  greater  than  the  minimum  distances  of  the  original  Reed-Solomon 
codes  and  close  to  the  parameters  of  BCH  codes  with  similar  sizes.  All  the  minimum  distances 
are  listed  in  Tables  B-1  through  B-7. 

The  Poltyrev  bound  on  the  probability  of  error  using  a  maximum  likelihood  decoder  was 
calculated  from  each  of  the  weight  distributions.  This  showed  that  most  of  the  codes  are 
capable  of  decoded  error  rates  very  close  to  those  of  randomly  chosen  codes  or  randomly 
chosen  GRS  codes.  It  also  showed  that  the  minimum  distance  of  one  of  these  codes  is  a  good 
measure  of  its  error-correction  capability  with  a  maximum  likelihood  decoder  on  a  binary 
symmetric  channel,  even  when  the  channel  is  very  noisy.  The  weight  distributions  computed 
in  this  study  make  it  possible  to  choose  the  best  combination  of  RS  spectrum  and  basis  for 
use  with  either  maximum  likelihood  or  bounded  distance  decoding.  They  may  also  be  useful 
in  choosing  codes  for  use  with  other  types  of  decoders. 

The  numerical  weight  distributions  of  all  3064  codes  are  available  from  the  author.  Small 
graphs  of  the  distributions  are  included  in  Appendix  C.  From  these  graphs,  interesting 
patterns  can  be  observed.  The  pattern  of  gaps  in  the  weight  distributions  was  compared 
with  the  theorem  in  [5],  which  explains  most  of  the  gaps.  However,  a  few  of  the  more  unusual 
cases  remain  to  be  explained. 
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Appendix  A  Log  Tables 


Table  A-1.  Log  Table  for  GF(32) 
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Table  A-2.  Log  Table  for  GF(64) 
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Table  A-3.  Log  Table  for  GF(128) 
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Table  A-4.  Log  Table  for  GF(256) 
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Appendix  B  Minimum  Distance  Tables 
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Table  B-2.  Minimum  Distances  of  (378,36)  Codes 
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Table  B-3.  Minimum  Distances  of  (889,35)  Codes 
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P 

nl 

n2 

n3 

n4 

n5 

n6 

n7 

0 

13 

19 

21 

27 

31 

43 

63 
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1 

26 

38 

42 

54 

62 

86 

126 

2 

52 

76 

84 

108 

124 

45 

125 

b 

3 
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25 

41 

89 

121 

90 
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o 

4 

81 

50 

82 

51 

115 

53 
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u 

5 

35 
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37 
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70 

73 

74 

77 

79 

85 

95 

d 
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320 

320 

320 

320 
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320 

320 

2-6 

344 

352 

336 

336 

352 

352 

344 

344 

336 

3-7 

356 

360 

364 

360 

352 

364 

364 

356 

308 

4-8 

360 

368 

368 

360 

360 

364 

364 

360 

308 

5-9 

360 

364 

360 

360 

360 

364 

360 

364 

224 

6-10 

364 

360 

360 

368 

360 

364 

364 

364 

224 

7-11 

360 

368 

360 

364 

360 

336 

364 

360 

224 

8-12 

360 

364 

352 

364 

364 

364 

360 

360 

224 

9-13 

360 

360 

364 

356 

360 

360 

364 

364 

252 

10-14 

360 

360 

336 

364 

364 

364 

360 

364 

252 

11-15 

354 

350 

364 

362 

364 
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368 

364 

238 

12-16 

358 

350 

364 

368 

360 

360 

364 
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224 

13-17 
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336 

354 

368 

350 

356 
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238 

14-18 
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362 

368 
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350 
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252 

15-19 

356 

364 

360 

368 

356 
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364 

364 

252 

16-20 
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356 
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368 

364 

364 
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256 

17-21 
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364 

360 

364 

364 

360 

364 

360 

252 

18-22 

360 

364 

364 

356 

364 

364 

356 

360 

252 

19-23 

356 

360 

368 

360 

368 

364 

364 

360 

224 

20-24 

360 

364 

360 

364 

364 

364 

360 

364 

224 

21-25 

356 

364 

364 

364 

360 

360 

364 

364 

252 

22-26 

360 

360 

364 

364 

360 

356 

356 

362 

238 

23-27 

356 

364 

356 

364 

364 

360 

360 

362 

224 

24-28 

358 

364 

360 

360 

360 

364 

364 

366 

238 

25-29 

360 

368 

356 

364 

360 

360 

368 

364 

210 

26-30 

356 

358 

360 

364 

336 

362 

364 

336 

224 

27-31 

360 

364 

360 

364 

360 

366 

364 

364 

224 

28-32 

360 

360 

360 

364 

364 

362 

364 

360 

196 

29-33 

352 

360 

364 

364 

364 

364 

364 

368 

196 

30-34 

360 
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356 

368 

364 

364 

360 

364 

224 

31-35 
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360 
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360 
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224 

30 


Table  B-4.  Minimum  Distances  of  (889,35)  Codes 


Dual  Basis 

P 

nl 

n2 

n3 

n4 

n5 

n6 

n7 

13 

19 

21 

27 

31 

43 

63 

STK 

1 

26 

38 

42 

54 

62 

86 
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2 

52 

76 

84 
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45 
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b 

3 
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25 

41 

89 
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90 
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o 

4 

81 

50 

82 

51 

115 

53 
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u 

5 

35 
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37 
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n 

Spectrum 

6 

70 

73 

74 

77 

79 

85 

95 

d 

32-36 

360 

336 

364 

364 

360 

368 

368 

364 

252 

33-37 

360 

336 

368 

364 

368 

364 

368 

364 

256 

34-38 

360 

364 

364 

360 

364 

360 

364 

364 

252 

35-39 

360 

360 

364 

364 

348 

360 

356 

360 

196 

36-40 

356 

364 

364 

360 

364 

364 

364 

364 

224 

37-41 

360 

360 

356 

356 

360 

360 

360 

360 

252 

38-42 

360 

364 

368 

360 

356 

360 

364 

356 

252 

39-43 

350 

356 

360 

364 

366 

360 

364 

362 

280 

40-44 

360 

356 

364 

364 

362 

348 

364 

366 

266 

41-45 

344 

338 

348 

340 

346 

340 

344 

348 

270 

42-46 

352 

366 

360 

336 

366 

368 

364 

354 

280 

43-47 

360 

368 

364 

336 

364 

356 

360 

356 

280 

44-48 

360 

368 

364 

336 

364 

364 

368 

360 

224 

45-49 

360 

364 

368 

336 

360 

364 

360 

356 

224 

46-50 

356 

364 

360 

364 

360 

360 

356 

364 

196 

47-51 

354 

364 

364 

364 

360 

364 

364 

356 

196 

48-52 

352 

360 

350 

364 

360 

364 

364 

362 

238 

49-53 

356 

356 

362 

360 

360 

358 

368 

360 

224 

50-54 

360 

356 

356 

360 

360 

364 

360 

362 

252 

51-55 

352 

364 

368 

368 

356 

364 

364 

368 

252 

52-56 

356 

360 

368 

368 

364 

336 

364 

364 

196 

53-57 

356 

364 

336 

364 

364 

364 

364 

364 

224 

54-58 

360 

364 

336 

360 

364 

360 

364 

360 

252 

55-59 

360 

360 

336 

360 

336 

360 

364 

360 

256 

56-60 

360 

362 

352 

364 

336 

336 

356 

368 

224 

57-61 

360 

360 

360 

360 

360 

336 

364 

360 

224 

58-62 

356 

364 

364 

364 

364 

336 

360 

360 

252 

59-63 

360 

364 

360 

352 

368 

360 

364 

364 

224 

60-64 

358 

364 

350 

362 

350 

366 

356 

362 

196 

61-65 

358 

356 

360 

360 

364 

350 

364 

356 

238 
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Table  B-5.  Minimum  Distances  of  (2040,32)  Codes 


Dual  Basis 

P 

nl 

n2 

n3 

n4 

n5 

n6 

n7 

n8 

n9 

nlO 

nil 

nl2 

nl3 

nl4 

nl5 

nl6 

rP 

s 

0 

5 

9 

11 

15 

21 

29 

39 

43 

47 

53 

55 

61 

63 

87 

91 

95 

0 

p 

1 

10 

18 

22 

30 

42 

58 

78 

86 

94 

106 

110 

122 

126 

174 

182 

190 

85 

e 

2 

20 

36 

44 

60 

84 

116 

156 

172 

188 

212 

220 

244 

252 

93 

109 

125 

51 

c 

3 

40 

72 

88 

120 

168 

232 

57 

89 

121 

169 

185 

233 

249 

186 

218 

250 

136 

t 

4 

80 

144 

176 

240 

81 

209 

114 

178 

242 

83 

115 

211 

243 

117 

181 

245 

15 

r 

5 

160 

33 

97 

225 

162 

163 

228 

101 

229 

166 

230 

167 

231 

234 

107 

235 

100 

u 

6 

65 

66 

194 

195 

69 

71 

201 

202 

203 

77 

205 

79 

207 

213 

214 

215 

66 

m 

7 

130 

132 

133 

135 

138 

142 

147 

149 

151 

154 

155 

158 

159 

171 

173 

175 

151 

1-4 

768 

768 

768 

768 

768 

768 

768 

768 

768 

768 

768 

768 

768 

768 

768 

768 

768 

768 

2-5 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

3-6 

840 

888 

864 

888 

864 

864 

888 

888 

864 

864 

864 

864 

888 

888 

864 

864 

888 

864 

4-7 

904 

896 

900 

912 

904 

896 

896 

896 

912 

912 

896 

904 

896 

912 

896 

912 

912 

900 

5-8 

896 

896 

892 

912 

904 

896 

896 

908 

896 

896 

912 

896 

896 

904 

896 

912 

904 

900 

6-9 

888 

900 

896 

896 

864 

904 

896 

864 

896 

912 

896 

912 

904 

896 

864 

904 

888 

896 

7-10 

904 

896 

912 

896 

904 

896 

896 

896 

896 

912 

896 

912 

904 

896 

912 

896 

880 

888 

8-11 

896 

896 

912 

896 

904 

896 

896 

912 

912 

912 

912 

896 

896 

896 

896 

912 

896 

904 

9-12 

904 

896 

864 

896 

864 

864 

896 

896 

896 

864 

864 

864 

896 

896 

904 

904 

904 

888 

10-13 

904 

904 

888 

908 

912 

864 

896 

904 

896 

912 

912 

896 

896 

912 

912 

900 

912 

896 

11-14 

896 

908 

920 

896 

880 

864 

908 

908 

904 

896 

896 

900 

896 

904 

896 

904 

896 

892 

12-15 

900 

840 

816 

720 

720 

840 

720 

840 

720 

864 

896 

840 

896 

840 

840 

908 

840 

840 

13-16 

902 

840 

840 

720 

720 

840 

720 

840 

720 

896 

896 

840 

896 

840 

840 

912 

840 

840 

14-17 

902 

840 

840 

720 

720 

840 

720 

840 

720 

896 

904 

840 

912 

840 

840 

896 

840 

544 

15-18 

894 

840 

816 

720 

720 

816 

720 

840 

720 

896 

864 

840 

896 

840 

840 

768 

840 

544 

16-19 

904 

896 

912 

912 

880 

896 

896 

896 

912 

904 

912 

896 

912 

896 

896 

896 

904 

544 

17-20 

888 

896 

916 

896 

864 

896 

908 

880 

912 

904 

896 

908 

896 

896 

896 

904 

904 

544 

18-21 

908 

864 

892 

896 

864 

896 

888 

864 

888 

896 

864 

864 

904 

896 

896 

912 

896 

852 

19-22 

900 

896 

896 

896 

904 

896 

896 

912 

896 

896 

912 

888 

904 

896 

888 

912 

908 

892 

20-23 

900 

896 

864 

896 

896 

896 

896 

896 

832 

904 

896 

896 

896 

896 

888 

912 

896 

872 

21-24 

888 

864 

896 

896 

904 

864 

904 

904 

864 

912 

904 

864 

904 

912 

864 

864 

832 

888 

22-25 

904 

908 

896 

888 

912 

912 

912 

904 

908 

896 

904 

896 

896 

888 

864 

908 

904 

884 

23-26 

900 

896 

896 

908 

916 

896 

896 

912 

900 

912 

904 

908 

864 

896 

900 

912 

912 

872 

24-27 

896 

864 

896 

864 

832 

888 

896 

900 

904 

768 

908 

908 

896 

768 

904 

908 

896 

864 

25-28 

904 

896 

908 

904 

864 

908 

896 

904 

904 

912 

912 

908 

904 

864 

912 

912 

908 

904 

26-29 

896 

848 

892 

896 

880 

904 

896 

864 

884 

888 

904 

896 

912 

896 

904 

912 

908 

900 

27-30 

896 

840 

840 

720 

720 

816 

720 

840 

720 

888 

864 

840 

864 

840 

840 

896 

840 

840 

28-31 

896 

840 

840 

720 

720 

840 

720 

840 

720 

906 

896 

840 

904 

840 

840 

896 

840 

840 

29-32 

904 

840 

840 

720 

720 

840 

720 

840 

720 

904 

912 

840 

904 

840 

840 

904 

840 

840 

30-33 

900 

840 

816 

720 

720 

816 

720 

840 

720 

864 

888 

840 

904 

840 

840 

904 

840 

840 

31-34 

896 

896 

880 

912 

888 

888 

904 

896 

904 

904 

896 

896 

904 

896 

896 

896 

896 

544 

32-35 

904 

912 

912 

912 

896 

904 

896 

896 

912 

912 

896 

896 

912 

832 

904 

904 

904 

544 

33-36 

840 

864 

864 

864 

856 

864 

864 

864 

848 

856 

848 

864 

864 

864 

864 

864 

864 

544 

34-37 

896 

896 

900 

908 

904 

908 

912 

896 

880 

912 

896 

908 

908 

896 

880 

904 

896 

544 

35-38 

896 

832 

904 

912 

912 

912 

904 

880 

892 

896 

900 

912 

904 

896 

912 

908 

896 

876 

36-39 

908 

896 

864 

864 

896 

904 

896 

896 

880 

896 

900 

908 

904 

896 

912 

864 

864 

888 

37-40 

892 

896 

896 

896 

900 

908 

896 

896 

904 

908 

896 

904 

912 

896 

896 

904 

864 

896 

38-41 

904 

904 

904 

896 

896 

864 

908 

904 

896 

896 

896 

896 

904 

896 

896 

904 

904 

900 

39-42 

900 

864 

896 

896 

864 

908 

896 

864 

912 

896 

912 

904 

888 

896 

896 

896 

896 

900 

40-43 

900 

896 

896 

912 

864 

864 

896 

892 

912 

912 

896 

912 

896 

896 

896 

896 

896 

896 

41-44 

896 

896 

908 

892 

880 

864 

896 

880 

896 

880 

880 

896 

896 

864 

892 

896 

884 

876 

42-45 

906 

840 

840 

720 

720 

840 

720 

840 

720 

896 

832 

840 

864 

816 

840 

912 

840 

840 
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Table  B-6.  Minimum  Distances  of  (2040,32)  Codes 


Dual  Bcisis 


P 

■a 

BIS 

BB 

mm 

n7 

n8 

n9 

nlO 

nil 

nl2 

nl3 

nl4 

rp 

s 

11 

15 

21 

29 

39 

43 

47 

53 

55 

61 

63 

87 

91 

95 

U 

p 

1 

10 

18 

22 

30 

42 

58 

78 

86 

94 

106 

no 

122 

126 

174 

182 

190 

85 

e 

2 

20 

36 

44 

60 

84 

116 

156 

172 

188 

212 

220 

244 

252 

93 

109 

125 

51 

c 

3 

40 

72 

88 

120 

168 

232 

57 

89 

121 

169 

185 

233 

249 

186 

218 

250 

136 

t 

4 

80 

144 

176 

240 

81 

209 

114 

178 

242 

83 

115 

211 

243 

117 

181 

245 

15 

HI 

5 

160 

33 

97 

225 

162 

163 

228 

101 

229 

166 

230 

167 

231 

234 

107 

235, 

100 

6 

65 

66 

194 

195 

69 

71 

201 

202 

203 

77 

205 

79 

207 

213 

214 

215 

66 

B 

7 

130 

132 

133 

135 

138 

142 

147 

149 

151 

154 

155 

158 

159 

171 

173 

175 

151 

43-46 

896 

840 

840 

720 

720 

840 

720 

840 

720 

896 

896 

840 

896 

840 

840 

896 

840 

840 

44>47 

906 

840 

840 

720 

720 

840 

720 

840 

720 

896 

912 

840 

896 

840 

840 

896 

840 

840 

45-48 

810 

840 

840 

720 

720 

840 

720 

840 

720 

912 

896 

840 

888 

840 

840 

904 

840 

840 

46-49 

900 

908 

896 

896 

880 

896 

912 

900 

904 

912 

904 

896 

896 

832 

864 

896 

912 

884 

47-50 

900 

904 

904 

912 

832 

904 

908 

908 

912 

908 

896 

896 

904 

832 

908 

904 

904 

848 

48-51 

714 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

408 

49-52 

714 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

408 

50-53 

714 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

408 

51-54 

714 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

816 

408 

52-55 

900 

912 

864 

908 

912 

880 

904 

896 

896 

896 

912 

904 

912 

896 

904 

896 

908 

848 

53-56 

908 

908 

912 

912 

880 

912 

880 

896 

896 

896 

896 

896 

904 

896 

916 

904 

912 

888 

54-57 

898 

864 

906 

912 

872 

896 

904 

908 

904 

888 

908 

912 

880 

816 

906 

912 

864 

900 

55-58 

900 

896 

904 

904 

896 

896 

908 

896 

908 

904 

896 

908 

912 

864 

892 

912 

912 

892 

56-59 

904 

864 

896 

904 

880 

908 

864 

832 

900 

904 

912 

912 

900 

864 

896 

912 

900 

900 

57-60 

896 

840 

840 

720 

720 

840 

720 

840 

720 

896 

896 

840 

864 

840 

816 

896 

840 

840 

58-61 

896 

840 

840 

720 

720 

840 

720 

840 

720 

912 

904 

840 

912 

840 

840 

896 

840 

840 

59-62 

906 

840 

840 

720 

720 

840 

720 

840 

720 

912 

908 

840 

912 

840 

840 

900 

840 

840 

60-63 

894 

840 

816 

720 

720 

840 

720 

840 

720 

864 

892 

840 

888 

840 

840 

912 

840 

840 

61-64 

904 

896 

912 

912 

864 

896 

832 

896 

916 

908 

904 

912 

904 

896 

908 

864 

896 

904 

62-65 

904 

896 

904 

908 

896 

896 

904 

896 

880 

896 

912 

896 

896 

896 

864 

904 

912 

876 

63-66 

896 

864 

896 

816 

880 

864 

908 

912 

912 

864 

864 

864 

896 

864 

896 

816 

864 

896 

64-67 

896 

880 

896 

912 

896 

896 

896 

896 

912 

896 

896 

912 

896 

896 

896 

912 

896 

880 

65-68 

900 

908 

896 

896 

916 

896 

904 

896 

880 

896 

904 

912 

896 

912 

896 

912 

896 

544 

66-69 

888 

864 

904 

896 

896 

908 

864 

864 

912 

896 

908 

864 

904 

896 

904 

896 

896 

544 

67-70 

908 

916 

900 

912 

904 

880 

904 

912 

904 

896 

896 

896 

880 

896 

916 

896 

904 

544 

68-71 

900 

920 

900 

908 

912 

912 

900 

916 

900 

896 

912 

896 

864 

908 

896 

896 

896 

1  544 

69-72 

876 

864 

768 

896 

892 

904 

768 

912 

896 

864 

896 

864 

864 

896 

896 

896 

896 

852 

70-73 

904 

896 

892 

904 

896 

904 

896 

908 

896 

880 

900 

912 

912 

896 

912 

908 

904 

892 

71-74 

896 

832 

892 

896 

880 

896 

896 

896 

896 

880 

896 

896 

896 

832 

896 

896 

896 

884 

72-75 

852 

840 

840 

720 

720 

840 

720 

840 

720 

864 

896 

840 

896 

840 

840 

896 

840 

840 

73-76 

896 

840 

840 

720 

720 

840 

720 

840 

720 

888 

896 

840 

896 

840 

840 

896 

840 

840 

74-77 

902 

840 

840 

720 

720 

840 

720 

840 

720 

832 

908 

840 

832 

840 

840 

896 

840 

840 

75-78 

906 

840 

840 

720 

720 

840 

720 

816 

720 

832 

864 

840 

896 

840 

840 

904 

840 

840 

76-79 

880 

900 

896 

896 

864 

908 

888 

896 

896 

832 

896 

896 

896 

896 

912 

880 

904 

896 

77-80 

900 

908 

896 

896 

896 

908 

908 

908 

888 

912 

896 

896 

896 

896 

904 

908 

904 

900 

78-81 

904 

912 

896 

896 

864 

900 

896 

864 

896 

908 

864 

896 

904 

896 

832 

912 

864 

896 

79-82 

904 

896 

896 

896 

904 

896 

896 

912 

896 

912 

912 

832 

912 

880 

832 

912 

896 

888 

80-83 

900 

908 

896 

912 

896 

896 

896 

912 

912 

900 

864 

912 

912 

880 

896 

880 

896 

880 

81-84 

840 

888 

888 

888 

864 

888 

888 

864 

840 

864 

864 

864 

864 

864 

888 

864 

864 

744 

82-85 

510 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

340 

83-86 

510 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

340 

84-87 

510 

680. 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

340 
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Table  B-7.  Minimum  Distances  of  (2040.32)  Codes 


Dual  Basis 

P 

nl 

n2 

n3 

n4 

n5 

n6 

n7 

n8 

n9 

nlO 

nil 

nl2 

nl3 

nl4 

nl5 

nl6 

rp 

s 

0 

5 

9 

11 

15 

21 

29 

39 

43 

47 

53 

55 

61 

63 

87 

91 

95 

0 

p 

1 

10 

18 

22 

30 

42 

58 

78 

86 

94 

106 

110 

122 

126 

174 

182 

190 

85 

e 

2 

20 

36 

44 

60 

84 

116 

156 

172 

188 

212 

220 

244 

252 

93 

109 

125 

51 

c 

3 

40 

72 

88 

120 

168 

232 

57 

89 

121 

169 

185 

233 

249 

186 

218 

250 

136 

t 

4 

80 

144 

176 

240 

81 

209 

114 

178 

242 

83 

115 

211 

243 

117 

181 

245 

15 

r 

5 

160 

33 

97 

225 

162 

163 

228 

101 

229 

166 

230 

167 

231 

234 

107 

235 

IQO 

u 

6 

65 

66 

194 

195 

69 

71 

201 

202 

203 

77 

205 

79 

207 

213 

214 

215 

66 

m 

7 

130 

132 

133 

135 

138 

142 

147 

149 

151 

154 

155 

158 

159 

171 

173 

175 

151 

85-88 

510 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

680 

340 

86-89 

864 

896 

888 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

896 

888 

896 

768 

87-90 

910 

840 

840 

720 

720 

840 

720 

840 

720 

908 

896 

840 

896 

840 

840 
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Table  B-8.  STK  Bound  Versus  Worst  (2040,32)  Codes  Found 


Spectrum 

Worst 

dmin 

STK 

Bound 

1-  4 

768 

768 

2-  5 

896 

768 

3-  6 

840 

768 

4-  7 

896 

768 

5-  8 

892 

768 

6-  9 

864 

512 

7-10 

880 

704 

8-11 

896 

640 

9-12 

864 

640 

10-13 

864 

640 

11-14 

864 

640 

12-15 

720 

640 

13-16 

720 

672 

14-17 

544 

544 

15-18 

544 

544 

16-19 

544 

544 

17-20 

544 

544 

18-21 

852 

640 

19-22 

888 

640 

20-23 

832 

640 

21-24 

832 

576 

22-25 

864 

640 

23-26 

864 

640 

24-27 

768 

640 

25-28 

864 

640 

26-29 

848 

640 

27-30 

720 

640 

28-31 

720 

640 

29-32 

720 

640 

30-33 

720 

576 

31-34 

544 

544 

32-35 

544 

544 

33-36 

544 

544 

34-37 

544 

544 

35-38 

876 

704 

36-39 

864 

576 

37-40 

864 

704 

38-41 

864 

704 

39-42 

864 

576 

40-43 

864 

640 

41-44 

864 

640 

42-45 

720 

640 

Spectrum 

Worst 

f^min 

STK 

Bound 

43-46 

720 

688 

44-47 

720 

640 

45-48 

720 

576 

46-49 

832 

640 

47-50 

832 

576 

48-51 

408 

408 

49-52 

408 

408 

50-53 

408 

408 

51-54 

408 

408 

52-55 

848 

576 

53-56 

880 

640 

54-57 

864 

640 

55-58 

864 

640 

56-59 

832 

640 

57-60 

720 

640 

58-61 

720 

672 

59-62 

720 

704 

60-63 

720 

640 

61-64 

832 

640 

62-65 

864 

704 

63-66 

816 

576 

64-67 

880 

640 

65-68 

544 

544 

66-69 

544 

544 

67-70 

544 

544 

68-71 

544 

544 

69-72 

768 

640 

70-73 

880 

640 

71-74 

832 

640 

72-75 

720 

640 

73-76 

720 

640 

74-77 

720 

672 

75-78 

720 

576 

76-79 

832 

512 

77-80 

888 

640 

78-81 

832 

576 

79-82 

832 

640 

80-83 

864 

640 

81-84 

744 

640 

82-85 

340 

340 

83-86 

340 

340 

84-87 

340 

340 

Spectrum 

worst 

^min 

SKT 

Bound 

85-88 

340 

340 

86-89 

768 

640 

87-90 

720 

640 

88-91 

720 

640 

89-92 

720 

704 

90-93 

720 

672 

91-94 

872 

512 

92-95 

892 

640 

93-96 

768 

640 

94-97 

888 

640 

95-98 

896 

640 

96-99 

768 

640 

97-100 

888 

640 

98-101 

856 

576 

99-102 

408 

408 

100-103 

408 

408 

101-104 

408 

408 

102-105 

408 

408 

103-106 

720 

576 

104-107 

720 

688 

105-108 

720 

576 

106-109 

872 

640 

107-110 

888 

640 

108-111 

864 

576 

109-112 

880 

640 

110-113 

896 

640 

111-114 

832 

640 

112-115 

880 

640 

113-116 

894 

640 

114-117 

864 

640 

115-118 

832 

704 

116-119 

544 

544 

117-120 

544 

544 

118-121 

544 

544 

119-122 

544 

544 

120-123 

720 

576 

121-124 

832 

640 

122-125 

832 

672 

123-126 

768 

704 

124-127 

888 

768 

125-128 

892 

736 

126-129 

816 

672 
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Appendix  C  Graphs  of  Weight  Distributions 


Each  of  the  graphs  on  the  following  pages  represents  the  weight  distribution  of  a  binary 
mapping  of  a  Reed-Solomon  code,  that  is,  the  number  of  codewords  of  each  possible  weight. 
To  save  space,  the  range  of  the  horizontal  axis  is  limited  to  nonzero  weights  for  which 
codewords  exist,  and  the  range  is  specified  under  each  column  of  graphs.  The  vertical  bars 
have  a  width  of  one  unit,  so  a  code  that  contains  codewords  of  each  possible  weight  will 
produce  a  solid  black  graph.  The  vertical  axis  shows  the  log  of  the  number  of  codewords  at 
each  weight. 

A  binary  mapping  of  a  Reed-Solomon  code  is  specified  by  the  spectrum  of  the  Reed- 
Solomon  code  and  the  basis  used  to  map  the  symbols  into  binary  m-tuples.  The  basis 
appears  at  the  left  of  each  row,  as  powers  of  a  primitive  element.  The  spectrum  appears  at 
the  bottom  of  each  column.  Note  that  the  parameters  of  any  of  these  codes  can  easily  be 
determined  from  the  basis  and  spectrum.  If  m  is  the  number  of  elements  in  the  basis,  the 
binary  block  length  is  m (2™  —  1),  and  if  K  is  the  number  of  frequencies  in  the  spectrum,  the 
dimension  of  the  binary  code  is  mK . 


36 


weights 

weights 

weights 

weights 

weights 

40-120 

40-120 

40-120 

40-120 

40-120 

spectrum 

spectrum 

spectrum 

spectrum 

spectrum 

1-6 

2-7 

3-8 

4-9 

5-10 

37 


0  1234 


3  6  12  24  17 


5  10  20  9  18 


11  22  13  26  21 


0  1234 


3  6  12  24  17 


5  10  20  9  18 


11  22  13  26  21 


weights  weights 

40-120  40-120 


weights 

40-120 


weights 

40-120 


spectrum 

1-7 


spectrum 

2-8 


spectrum 

3-9 


spectrum 

4-10 


weights 

40-120 

spectrum 

5-11 


weights 

40-120 

spectrum 

6-12 


weights 

40-120 

spectrum 

7-13 


weights 

40-120 

spectrum 

8-14 


40 


weights 

31-155 

spectrum 

11-17 


weights 

31-155 

spectrum 

12-18 


weights  weights 

31-155  31-155 

spectrum  spectrum 

30-5  0-6 


42 


8-13 


9-14 


10-15 


43 


31  62  61  59  55  47 


weights 

108-252 

spectrum 

24-29 


weights 

108-252 

spectrum 

25-30 


weights 

108-252 

spectrum 

26-31 


15  30  60  57  51  39 


23  46  29  58  53  43 


31  62  61  59  55  47 


weights 

108-252 

spectrum 

27-32 


weights 

108-256 

spectrum 

28-33 


weights 

108-254 

spectrum 

29-34 


47 


0  12  3 
4  5  6 


13  26  52104 
81  35  70 


19  38  76  25 
50100  73 


21  42  84  41 
82  37  74 


27  54  108  89 
51  102  77 


31  62124121 
115  103  79 


43  86  45  90 
53  106  85 


63  126  125  123 
119111  95 


0  12  3 
4  5  6 


13  26  52104 
81  35  70 


19  38  76  25 
50  100  73 


21  42  84  41 
82  37  74 


27  54  108  89 
51  102  77 


31  62  124  121 
115  103  79 


43  86  45  90 
53  106  85 


63  126  125  123 
119  111  95 


weights 

356-560 

spectrum 

9-13 


weights 

336-560 

spectrum 

10-14 


weights 

350-534 

spectrum 

11-15 


weights 

350-546 

spectrum 

12-16 


weights 

336-536 

spectrum 

13-17 


weights 

350-530 

spectrum 

14-18 


51 


weights 

weights 

weights 

weights 

weights 

weights 

356-528 

356-560 

360-532 

356-536 

356-560 

360-560 

spectrum 

spectrum 

spectrum 

spectrum 

spectrum 

spectrum 

15-19 

16-20 

17-21 

18-22 

19-23 

20-24 

52 


0  12  3 
4  5  6 


13  26  52  104 
81  35  70 


19  38  76  25 
50  100  73 


21  42  84  41 
82  37  74 


27  54108  89 
51  102  77 


31  62124  121 
115103  79 


43  86  45  90 
53  106  85 


63  126125  123 
119111  95 


weights 

356-560 

spectrum 

21-25 


weights 

356-560 

spectrum 

22-26 


weights 

356-546 

spectrum 

23-27 


weights 

358-560 

spectrum 

24-28 


weights 

356-560 

spectrum 

25-29 


weights 

336-560 

spectrum 

26-30 


53 


0  12  3 
4  5  6 


13  26  52  104 
81  35  70 


19  38  76  25 
50  100  73 


21  42  84  41 
82  37  74 


27  54  108  89 
51  102  77 


31  62  124  121 
115 103  79 


43  86  45  90 
53  106  85 


63  126  125  123 
119  111  95 


weights 

360-546 

spectrum 

27-31 


weights 

360-546 

spectrum 

28-32 


weights 

352-536 

spectrum 

29-33 


weights 

356-540 

spectrum 

30-34 


weights 

352-560 

spectrum 

31-35 


weights 

336-560 

spectrum 

32-36 


54 


0  12  3 
4  5  6 


13  26  52104 
81  35  70 


19  38  76  25 
50  100  73 


21  42  84  41 
82  37  74 


27  54  108  89 
51  102  77 


31  62124  121 
115  103  79 


43  86  45  90 
53106  85 


63  126125  123 
119111  95 


weights 
336-560 
spectrum 
3; 


weights 

360-532 

spectrum 


weights 

348-532 

spectrum 

31 


weights 
356-532 
spectrum 
31 


weights 
356-536 
spectrum 
3: 


■  ■ 


weights 
356-536 
spectrum 
31 


0  12  3 
4  5  6 


13  26  52  104 
81  35  70 


19  38  76  25 
50  100  73 


J 


21  42  84  41 
82  37  74 


27  54  108  89 
51  102  77 


31  62  124  121 
115  103  79 


43  86  45  90 
53  106  85 


63  126  125  123 
119  111  95 


weights 

350-560 

spectrum 

39-43 


weights 

348-560 

spectrum 

40-44 


weights 

338-560 

spectrum 

41-45 


weights 

336-534 

spectrum 

42-46 


weights 

336-540 

spectrum 

43-47 


56 


0  12  3 
4  5  6 


13  26  52  104 
81  35  70 


19  38  76  25 
50100  73 


21  42  84  41 
82  37  74 


27  54  108  89 
51  102  77 


31  62124  121 
115  103  79 


43  86  45  90 
53106  85 


63  126125  123 
119111  95 


weights  weights  weights 

354-560  350-560  356-560 


weights 

336-560 

spectrum 

44-48 


weights 

336-536 

spectrum 

45-49 


weights 

356-560 

spectrum 

46-50 


spectrum 

47-51 


spectrum 

48-52 


spectrum 

49-53 


57 


63  126  125  123 
119  111  95 


weights 

weights 

weights 

weights 

weights 

weights 

356^560 

352-560 

336-560 

336-536 

336-536 

336-536 

spectrum 

spectrum 

spectrum 

spectrum 

spectrum 

spectrum 

50-54 

51-55 

52-56 

53-57 

54-58 

55-59 

58 


0  12  3 
4  5  6 


13  26  52  104 
81  35  70 


19  38  76  25 
50100  73 


21  42  84  41 
82  37  74 


27  54  108  89 
51  102  77 


31  62  124  121 
115  103  79 


43  86  45  90 
53  106  85 


63126125123 
119  111  95 


weights 

weights 

weights 

weights 

weights 

336-546 

336-560 

336-532 

352-560 

350-546 

spectrum 

spectrum 

spectrum 

spectrum 

spectrum 

56-60 

57-61 

58-62 

59-63 

60-64 

59 


weights  768-1 1 52 
spectrum  1-4 


weights  896-1280 
spectrum  2-5 


weights  840-1280 
spectrum  3-6 


0  12  3 

4  5  6  7 

5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194133 

15  30  60  120 
240  225195135 

21  42  84  168 

81  162  69138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178101  202  149 

47  94  188121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213  171 

91  182  109  218 
181  107  214  173 

95190125  250 
245  235  215175 


weights  864-1280 
spectrum  10-13 


weights  864-1184 
spectrum  11-14 


weights  720-1440 
spectrum  12-15 


0  12  3 

4  5  6  7 

5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225  195  135 

21  42  84  168 

81  162  69138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188  121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213  171 

91  182  109  218 
181  107  214  173 

95  190  125  250 
245  235  215  175 


,  M 

!|||||^^ . ^  ^ 

III . . 

.  ill 

ii.,  ,  jii 

III, 

. . 

Illlli:  .  Illllll 

illly> 

dl 

1  .  ,  III!  II 

1  Illllll  , 

1  lillllll  III  I  II 

111  llflf 

lillllll  , 

<11 

Lliiii  _  III  1 

ni!]! , 

illlL 

Illllll .  ,  III 

.<1 

hlkiii  ..  II  i  1 

1  ill 

llll  lli  1 

Illllll . 

lillllll 

Ijlbl  llll 

iliil!  I  ,  . .  1  llll 

Ill  k, 

-- . li  1 

1  1  I 

1  llll , 

.  i  II 

Ilk  ..  llll  1 

r  In  . 

,  iii 

In  ^  ,  il  II 

Illllll  . 

111 

lih  1  ml 

Ill, , 

,  ill 

III!  ,  ,  1  llll 

weights  720-1440 
spectrum  13-16 


weights  720-1440 
spectrum  14-17 


66 


weights  864-1280 
spectrum  18-21 


weights  888-1280 
spectrum  19-22 


weights  832-1280 
spectrum  20-23 


I 


weights  720-1440  weights  720-1440 

spectrum  29-32  spectrum  30-33 


72 


spectrum  40-43  spectrum  41-44  spectrum  42-45 


76 


5  10  20  40 
80160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60120 
240  225  195  135 

21  42  84  168 
81  162  69  138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86172  89 
178101  202149 

47  94  188  121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213  171 

91  182  109  218 
181  107  214173 

95  190125  250 
245  235  215175 


0  12  3 
4  6  6  7 


5  10  20  40 

80  160  65130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225  195135 

21  42  84  168 

81  162  69  138 

29  58116  232 
209163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213171 

91  182  109  218 
181  107  214  173 

95190125  250 
245  235  215175 


weights  714-1632 
spectrum  50-53 


8 


weights  714-1632 

weights  864-1280 

spectrum  51-54 

spectrum  52-55 

82 

0  12  3 
4  5  6  7 


5  10  20  40 
80160  65  130 


9  18  36  72 
144  33  66132 


11  22  44  88 
176  97  194133 


15  30  60  120 
240  225195135 


21  42  84  168 
81  162  69  138 


29  58116  232 
209  163  71  142 


39  78  156  57 
114  228  201  147 


43  86  172  89 
178101  202  149 


47  94  188  121 
242  229  203151 


53106  212  169 
83166  77  154 


55  110  220  185 
115  230  205155 


61  122  244  233 
211  167  79158 


63  126  252  249 
243  231  207  159 


87  174  93  186 
117  234  213171 


91  182  109  218 
181  107  214  173 


95190  125  250 
245  235  215175 


weights  880-1280 
spectrum  53-56 


weights  816-1296 
spectrum  54-57 


weights  864-1280 
spectrum  55-58 


0  12  3 
4  5  6  7 


5  10  20  40 
80  160  65  130 


9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225  195  135 

21  42  84  168 
81  162  69  138 

29  58  116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188  121 

242  229  203  151 

53106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93186 
117  234  213  171 

91  182  109  218 
181  107  214  173 

95  190  125  250 
245  235  215  175 


weights  832-1184 
spectrum  56-59 


weights  720-1440 
spectrum  57-60 


weights  832-1184 
spectrum  61-64 

86 


weights  720-1440 
spectrum  60-63 


88 


0  12  3 
4  5  6  7 


5  10  20  40 
80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 


15  30  60  120 
240  225  195  135 

21  42  84  168 
81  162  69  138 

29  58  116  232 
209  163  71  142 

39  78156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188  121 
242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205155 


61  122  244  233 
211  167  79  158 


63  126  252  249 
243  231  207  159 

87  174  93186 
117  234  213  171 

91  182  109  218 
181  107  214  173 

95  190  125  250 
245  235  215  175 


weights  832-1184 
spectrum  71-74 


weights  720-1440 
spectrum  72-75 


245  235  215  175 


weights  720-1440 
spectrum  73-76 


0  12  3 

4  5  6  7 

5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225  195135 

21  42  84  168 

81  162  69  138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188121 

242  229  203  151 

53  106  212  169 
83  166  77154 

55  110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213171 

91  182  109  218 
181  107  214  173 

95190  125  250 
245  235  215  175 


weights  840-1280 
spectrum  81-84 


weights  510-1360 
spectrum  82-85 


0  12  3 
4  5  6  7 


5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66132 

11  22  44  88 
176  97194  133 

15  30  60  120 
240  225195135 

21  42  84  168 

81  162  69138 

29  58  116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188  121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213  171 

91  182  109  218 
181  107  214  173 

95  190  125  250 
245  235  215  175 


weights  510-1360 
spectrum  84-87 


96 


0  12  3 

4  5  6  7 

5  10  20  40 
80160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225195135 

21  42  84168 
81  162  69  138 

29  58  116  232 
209  163  71  142 

39  78  156  57 
114  228  201  147 

43  86172  89 
178  101  202  149 


47  94  188  121 
242  229  203  151 


0  12  3 
4  5  6  7 


5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225  195  135 

21  42  84  168 

81  162  69  138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188  121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87174  93186 
117  234  213171 

91  182  109  218 
181  107  214  173 

95  190  125  250 
245  235  215  175 


«iill! 

.  ,  Jl 

ii  111  lijiui  1 1 

ililill 

y  iiii  1 

,  ii 

III  blllL 

li  1 1 

lillll, 

,  d 

1  ..  llllllilllli , 

ii! 

Iliiii 

11^ 

Jl  ! 

. 

, 

1  liilllll 

1  lllllllllllii. 

. ,  lillll!  i 

Illlllillllll  1, 

ml 

III  < 

weights  720-1440 
spectrum  87-90 


L 


weights  720-1440 
spectrum  88-91 


98 


0  12  3 
4  5  6  7 


5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97194  133 

15  30  60  120 
240  225195135 

21  42  84  168 

81  162  69  138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188  121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213171 

91  182  109  218 
181  107  214173 

95190125  250 
245  235  215175 


weights  888-1280 
spectrum  94-97 


weights  864-1280 
spectrum  95-98 


weights  768-1248 
spectrum  96-99 


i 


0  12  3 
4  5  6  7 


5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225  195  135 

21  42  84  168 

81  162  69  138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188  121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213  171 

91  182  109  218 
181  107  214  173 

95  190  125  250 
245  235  215  175 


weights  888-1280 
spectrum  97-100 


weights  880-1280 
spectrum  98-101 


5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225  195  135 

21  42  84  168 

81  162  69  138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188  121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93186 
117  234  213  171 

91  182  109  218 
181  107  214  173 

95  190  125  250 
245  235  215  175 


0  12  3 
4  5  6  7 


5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225195135 

21  42  84  168 

81  162  69138 


29  58116  232 
209163  71  142 

39  78  156  57 
114  228  201  147 


43  86172  89 
178101  202  149 


47  94  188  121 
242  229  203  151 

53  106  212  169 
83  166  77154 

55  110  220  185 
115  230  205  155 

61  122  244  233 
211  167  79  158 


63  126  252  249 
243  231  207  159 


87  174  93  186 
117  234  213  171 

91  182109  218 
181  107  214  173 

95190125  250 
245  235  215175 


weights  714-1632 
spectrum  101-104 


10 


6 


5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225  195  135 

21  42  84  168 

81  162  69  138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220185 

115  230  205  155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213  171 

91  182  109  218 
181  107  214  173 

95  190  125  250 
245  235  215  175 


weights  872-1216  weights  896-1280 

spectrum  106-109  spectrum  107-110 


108 


0  12  3 

4  5  6  7 

5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66132 

11  22  44  88 
176  97  194133 

15  30  60120 
240  225195135 

21  42  84  168 

81  162  69138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86172  89 
178101  202149 

47  94  188  121 
242  229  203  151 

53106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205155 


J 


61  122  244  233 
211  167  79158 

63  126  252  249 
243  231  207  159 

87  174  93  186 
117  234  213171 

91  182109  218 
181  107  214173 

95  190  125  250 
245  235  215175 


weights  864-1280 
spectrum  108-111 


weights  896-1280 
spectrum  109-112 


1 


weights  896-1280 
spectrum  110-113 


109 


55  110  220  185 
115  230  205  155 

61  122  244  233 
211  167  79  158 

63  126  252  249 
243  231  207  159 

87  174  93  186 
117  234  213  171 


91  182  109  218 


ghts  880-1280 
:trum  112-115 


weights  894-1280 
spectrum  113-116 


> 


1 


0  12  3 

4  5  6  7 

5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225  195  135 

21  42  84168 

81  162  69138 

29  58116  232 
209  163  71  142 

39  78156  57 

114  228  201  147 

43  86  172  89 
178101  202  149 

47  94  188  121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213171 

91  182  109  218 
181  107  214173 

95190125  250 
245  235  215175 


weights  888-1280 
spectrum  124-127 


weights  896-1280  weights  816-1296 

spectrum  125-128  spectrum  126-129 


115 


0  12  3 
4  5  6  7 


5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225  195135 

21  42  84  1  68 

81  162  69  138 

29  58  116  232 
209  163  71  142 

39  78156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93186 
117  234  213171 

91  182  109  218 
181  107  214  173 

95  190  125  250 
245  235  215  175 


1 


weights  255-2040 
spectrum  254-2 


i 


116 


0  12  3 
4  5  6  7 


V 


1 


5  10  20  40 

80  160  65  130 

9  18  36  72 
144  33  66  132 

11  22  44  88 
176  97  194  133 

15  30  60  120 
240  225195135 

21  42  84  168 

81  162  69138 

29  58116  232 
209  163  71  142 

39  78  156  57 

114  228  201  147 

43  86  172  89 
178  101  202  149 

47  94  188121 

242  229  203  151 

53  106  212  169 
83  166  77  154 

55  110  220  185 

115  230  205  155 

61  122  244  233 
211  167  79  158 

63  126  252  249 

243  231  207  159 

87  174  93  186 
117  234  213171 


III 

1 

,  J1 

,  III 

iilliliiii  1 . 

,  II 

II 

1 II 

iililliiii  1 

II 

III 

iiiiiiiii 

1  ll 

iiiiiiiiii  1  , 

iiiiiiiii  , 

1  1  ll 

iiiiiiiiiii  1  . . 

,  Lil 

iiiiiiiiiiii  , 

,  II 

, _ Li 

91  182  109  218 
181  107  214173 


iiiii 


95190125  250 
245  235  215175 


I  iiiiiimiii 


weights  255-2040 
spectrum  0-3 


117 


y 


Intentionally  left  blank. 


118 


NO.  OF 

COPIES  ORGANIZATION 

2  DEFENSE  TECHNICAL  INFO  CTR 
ATTN  DTIC  DDA 
8725  JOHN  J  KINGMAN  RD 
STE0944 

FT  BEL  VOIR  VA  22060-6218 


\ 

I 


I 


1  DIRECTOR 

US  ARMY  RESEARCH  LAB 
ATTN  AMSRL  OP  SD  TA 
2800  POWDER  MILL  RD 
ADELPHI  MD  20783-1145 

3  DIRECTOR 

US  ARMY  RESEARCH  LAB 
ATTN  AMSRL  OP  SD  TL 
2800  POWDER  MILL  RD 
ADELPHI  MD  20783-1145 


1  DIRECTOR 

US  ARMY  RESEARCH  LAB 
ATTN  AMSRL  OP  SD  TP 
2800  POWDER  MILL  RD 
ADELPHI  MD  20783-1145 


ABERDEEN  PROVING  GROUND 


5  DIR  USARL 

ATTN  AMSRL  OP  AP  L  (305) 


119 


NO.  OF 

COPIES  ORGANIZATION 


NO.  OF 

COPIES  ORGANIZATION 


1  JET  PROPULSION  LABORATORY 
ATTN  DR  GUSTAVE  SOLOMON 
PASADENA  CA  91109 

1  CORNELL  UNIVERSITY 

DEPT  OF  MATHEMATICS 
ATTN  PROF  MOSS  SWEEDLER 
ITHACA  NY  14853 

1  LEHIGH  UNIVERSITY 

ELCTRCL  ENGRNG  &  COMP  SCI  DEPT 
ATTN  PROF  KENNETH  TZENG 
19  MEMORIAL  DRIVE  WEST 
BETHLEHEM  PA  18015-3084 

2  UNIVERSITY  OF  VIRGINIA 
DEPT  OF  MATHEMATICS 
ATTN  PROF  HAROLD  WARD 
PROF  STEPHEN  WILSON 
CHARLOTTESVILLE  VA  22903 

1  GEORGIA  INST  OF  TECH 

ELECTRICAL  AND  COMPUTER 
ENGINEERING 

ATTN  PROF  STEPHEN  WICKER 
ATLANTA  GA  30332 

1  AT&T  BELL  LABORATORIES 

ATTN  DR  NJA  SLOANE 
ROOM  2C  376 
MURRAY  HILL  NJ  07974 

1  US  ARMY  RESEARCH  OFFICE 

ATTN  AMXRO  EL 
DR  WILLIAM  SANDER 
PO  BOX  12211 

RESEARCH  TRIANGLE  PARK  NC 
27709-2211 

1  UNIV  OF  ILLINOIS  AT  CHICAGO 

DEPT  OF  MATH  STATS  AND  COMP  SCI 
ATTN  PROF  VERA  PLESS 
CHICAGO  IL  60607-7045 

1  HITACHI  MICRO  SYSTEMS  INC 

ATTN  DR  KOSUKE  NAKAI 
179  EAST  TASMAN  DRIVE 
SAN  JOSE  CA  95134 


1  SYRACUSE  UNIVERSITY 

SCHOOL  OF  COMPUTER  AND 
INFO  SCI 

ATTN  PROF  HAROLD  MATTSON 
SYRACUSE  NY  13244-4100 

1  CALIFORNIA  INST  OF  TECH 

ATTN  PROF  ROBERT  MCELIECE 
PASADENA  CA  91125 

1  UNIV  OF  SOUTHERN  CALIFORNIA 
EEB  534  EE  SYSTEMS 
ATTN  PROF  VUAY  KUMAR 
LOS  ANGELES  CA  90089-2565 

1  UNIV  OF  HAWAII  AT  MANOA 
DEPT  OF  ELCTRCL  ENGNRNG 
ATTN  PROF  SHU  LIN 
HONOLULU  HAWAII  96822 

2  JOHNS  HOPKINS  UNIVERSITY 
ELCTRCL  &  COMP  ENGNRNG  DEPT 
ATTN  PROF  BRIAN  HUGHES 
ATTN  PROF  WILLIS  GORE 
BALTIMORE  MD  21218 

2  UNIV  OF  SW  LOUISIANA 

ADVNCD  COMP  STUDIES  CTR 
ATTN  PROF  GUI  LIANG  FENG 
PROF  TRN  RAO 
LAFAYETTE  LA  70504 

1  MICHIGAN  STATE  UNIV 
DEPT  OF  MATHEMATICS 
ATTN  PROF  JONATHAN  HALL 
EAST  LANSING  MI  48824 

1  CORNELL  UNIVERSITY 

SCHL  OF  ELCTRCL  ENGNRNG 
ATTN  PROF  CHRIS  HEEGARD 
ITHACA  NY  14853 

1  UNIV  OF  NOTRE  DAME 

DEPT  OF  ELCTRCL  ENGNRNG 
ATTN  PROF  DANIEL  COSTELLO 
NOTRE  DAME  IN  46556 


120 


NO.  OF 

COPIES  ORGANIZATION 

4  UNIV  OF  ILLINOIS 

COORDINATED  SCI  LAB 
ELCTRCL  &  COMP  ENGNRNG  DEPT 
ATTN  PROF  RICHARD  BLAHUT 
PROF  DILIP  SARWATE 
PROF  ALEXANDER  VARDY 
PROF  KEN  ZEGER 
URBANA  IL  61801 


ABERDEEN  PROVING  GROLFND 

18  DIR,  USARL 

ATTN:  AMSRL-IS, 

V.  DEMONTE 
P.  EMMERMAN 
AMSRL-IS-T, 

J.  GOWENS 
AMSRL-IS-TP, 

F.  BRUNDICK 
H.  CATON 

S.  CHAMBERLAIN 

A.  COOPER 

G.  HARTWIG 
M.  LOPEZ 

M.  MARKOWSKI 
L.  MARVEL 

C.  SARAHDIS 
AMSRL-IS-TA, 

D.  TORRIERI 
AMSRL-IS-S, 

B.  BROOME 
AMSRL-IS-SP, 

A.  BRODEEN 
A.  DOWNS 
D.  GWYN 
R.  KASTE 


121 


NO.  OF 

COPIES  ORGANIZATION 


NO.  OF 

COPIES  ORGANIZATION 


1  TEL-AVIV  UNIVERSITY 

DEPT  OF  ELECTRICAL  ENGINEERING 
ATTN  PROF.  YAIR  BE’ERY 
RAMAT  AVIV  69978 
TEL-AVIV,  ISRAEL 

1  UNIVERSITAT  KARLSRUHE 
fakultAt  fur  INFORMATIK 
ATTN  PROF.  THOMAS  BETH 
AM  FASANENGARTEN  5 
D-76  128  KARLSRUHE,  GERMANY 

1  ECOLE  NATIONALE  SUPERIEURE 
DES  TELECOMMUNICATIONS 
ATTN  PROF.  GERARD  COHEN 
46  RUE  BARRAULT 
75013  PARIS,  FRANCE 

1  UNIVERSITY  OF  MANCHESTER 

DEPT  OF  ELECTRICAL  ENGINEERING 
ATTN  PROF.  PATRICK  FARRELL 
OXFORD  ROAD 
MANCHESTER  M13  9PL,  UK 

1  UNIVERSITY  OF  BERGEN 
DEPT  OF  INFORMATICS 
ATTN  PROF.  TOR  HELLESETH 
N-5020  BERGEN,  NORWAY 

1  UNIVERSITY  OF  TOKYO 

INSTITUTE  OF  INDUSTRIAL  SCIENCE 
ATTN  PROF.  HIDEKI IMAI 
ROPPONGI,  MINATOKU,  TOKYO  106, 
JAPAN 

1  KYUSHU  INSTITUTE  OF  TECHNOLOGY 

DEPT  OF  COMPUTER  SCIENCE 
ATTN  PROF.  KYOKI  IMAMURA 
IIZUKA,  FUKUOKA  820,  JAPAN 

1  KYOTO  INSTITUTE  OF  TECHNOLOGY 

DEPT  OF  ELECTRONICS  AND  SCIENCE 
ATTN  PROF.  MASAO  KASAHARA 
KYOTO,  606  JAPAN 


1  NARA  INSTITUTE  OF  SCIENCE  AND 
TECHNOLOGY 

GRADUATE  SCHOOL  OF  INFORMATION 
SCIENCE 

ATTN  PROF.  TADAO  KASAMI 
IKOMA,  NARA  630-01,  JAPAN 

1  UNIVERSITY  OF  BERGEN 
DEPT  OF  INFORMATICS 
ATTN  PROF.  TORLEIV  KLOVE 
HIB,  N-5020  BERGEN,  NORWAY 

1  SWISS  FEDERAL  INSTITUTE 

OF  TECHNOLOGY 
SIGNAL  AND  INFORMATION 
PROCESSING  LAB 
ATTN  PROF.  JAMES  MASSEY 
CH-8092  ZURICH,  SWITZERLAND 

1  UNIVERSITY  OF  PUERTO  RICO 

DEPT  OF  MATHEMATICS 
ATTN  PROF.  OSCAR  MORENO 
RIO  PIEDRAS,  PR  00931 

1  NATIONAL  DEFENCE  RESEARCH 

ESTABLISHMENT 

DEPT  OF  COMMAND  AND  CONTROL 
WARFARE  TECHNOLOGY 
ATTN  DR.  JAN  NILSSON 
P.O.  BOX  1165 

S-581  11  LINKOPING,  SWEDEN 

1  UNIVERSITE  PAUL  SABATIER 

AAECC/IRIT 

ATTN  PROF.  ALAIN  POLI 

118  ROUTE  DE  NARBONNE 

31062  TOULOUSE  CEDEX,  FRANCE 

1  TEL  AVIV  UNIVERSITY 

DEPT  OF  ELECTRICAL  ENGINEERING 
ATTN  PROF.  JAKOV  SNYDERS 
TEL  AVIV  69978,  ISRAEL 

1  UNIVERSITE  DE  TOULON 

ATTN  PROF.  JACQUES  WOLFMANN 
B.P.  132 

83957  LA  GARDE  CEDEX,  FRANCE 
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This  Laboratory  undertakes  a  continuing  effort  to  improve  the  quality  of  the  reports  it  publishes.  Your  comments/answers 
to  the  items/questions  below  will  aid  us  in  our  efforts. 

1.  ARL  Report  Number  ARL-TR-915 _ Date  of  Report  December  1995 _ 

2.  Date  Report  Received _ 

3.  Does  this  report  satisfy  a  need?  (Comment  on  purpose,  related  project,  or  other  area  of  interest  for  which  the  report 

will  be  used.) _ 


4.  Specifically,  how  is  the  report  being  used?  (Infoimation  source,  design  data,  procedure,  source  of  ideas,  etc.) 


5.  Has  the  information  in  this  report  led  to  any  quantitative  savings  as  far  as  man-hours  or  dollars  saved,  operating  costs 
avoided,  or  efficiencies  achieved,  etc?  If  so,  please  elaborate.  _ _ 


6.  General  Comments.  What  do  you  think  should  be  changed  to  improve  future  reports?  (Indicate  changes  to 
organization,  technical  content,  format,  etc.) _ 
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